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Abstract

Consider testing the null hypothesis that a single structural equation has specified
coefficients. The alternative hypothesis is that the relevant part of the reduced form
matrix has proper rank, that is, that the equation is identified. The usual linear model
with normal disturbances is invariant with respect to linear transformations of the
endogenous and of the exogenous variables. When the disturbance covariance matrix
is known, it can be set to the identity, and the invariance of the endogenous variables
is with respect to orthogonal transformations. The likelihood ratio test is invariant
with respect to these transformations and is the best invariant test. Furthermore it
is admissible in the class of all tests. Any other test has lower power and/or higher
significance level. In particular, this likelihood ratio test dominates a test based on the

Two-Stage Least Squares estimator.
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1 Introduction

There is a considerable literature on statistical inference concerning a single structural

equation in a simultaneous equation model. Much of the literature concerns estimation of
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the coefficients of the single equation. Anderson and Rubin (1949) developed the Limited
Information Maximum Likelihood (LIML) estimator on the basis of normality of the distur-
bances. When the disturbance covariance matrix is known, the corresponding estimator is
known as LIMLK. Anderson, Stein, and Zaman (1985) showed that the LIMLK estimator is
admissible for a suitable loss function in a model corresponding to two simultaneous equa-
tions. They showed that the LIMLK estimator was the best estimator invariant under linear
transformations that leave the model and loss function invariant. It follows that the LIMLK
estimator is admissible in the class of all estimators including randomized estimators.

Anderson and Rubin (1949) also suggested a test of the null hypothesis, say, Hy, that
the vector of coefficients of the endogenous variables, say, 3, is a specified vector, say, Bo;
the alternative hypothesis, say Ho, is that 3 is unrestricted. The test is admissible if the
equation is just identified, but not if the equation is over-identified. Anderson and Kunitomo
(2007) derived an alternative test by testing Hy against H; : the equation is identified. This
likelihood ratio criterion is the ratio of the likelihood ratio criterion for testing Hg vs Hs to
the likelihood ratio criterion for testing H; vs Hy. (These two likelihood ratio criteria were
given in Anderson and Rubin, 1949; see also Anderson and Kunitomo, 2009.)

Anderson (1976, 1984) pointed out that a structural equation in a simultaneous equation
model is the same as a linear functional relationship in the statistical literature. Creasy
(1956) derived the likelihood ratio test of the slope parameter in this model. Moreira (2003)
derived the test in more generality; he called the test the conditional likelihood ratio test.

The current paper treats the testing problem when the disturbances matrix is known
and the number of endogenous variables in the single equation is two. When the disturbance
covariance matrix is known, a sufficient statistic is the sample regression of the dependent
variables on the independent variables, say P, and the sample covariance of the independent
variables, say A. The likelihood ratio criterion is a function of P’ AP, the distribution of
which depends only on a noncentrality parameter, say A. It is shown that the likelihood
ratio test is identical to a Bayes test of Hy vs H; conditional on this parameter A. Thus for
each A this conditional test of Hy vs H; is the uniformly most powerful invariant test; that
is, the (conditional) test is admissible among tests for a specific noncentrality parameter \.

Since this comparison does not depend on the value of A, it holds for every A.



Now consider the class of all tests of Hy vs Hj, not necessarily invariant, but including
randomized tests. By a version of the “Hunt-Stein theorem” the likelihood ratio test is
admissible among all tests. This means that there is no test with better significance level
and/or better power. In particular, the Two-Stage Least Squares is inferior as an estimator
and yields an inferior test procedure.

It should be noted that the admissibility properties in this paper are “exact,” that is,
the results are not asymptotic or approximate. However, the admissibility property is a

comparison of tests; it does not establish a distribution or significance point.

2 A simultaneous equation model

The observed data consist of a T' x G matrix of endogenous or dependent or nonstochastic
variables Y and a T x K matrix of exogenous or independent variables Z (G < K). A

linear model (the reduced form) is

Y =ZII+V, (2.1)

where II is a K x G matrix of parameters and V is a T x G matrix of unobservable
disturbances. The rows of V' are assumed independent; each row has a normal distribution
N(0,Q).

The coefficient matrix IT can be estimated by the sample regression

P=(Z'2)'ZY. (2.2)

The covariance matrix €2 can be estimated by (1/7)H, where

H=(Y-ZP)(Y-ZP)=Y'Y — P'AP (2.3)

and A = Z'Z. The matrices P and H constitute sufficient statistics for the model. See
Haavelmo (1944).

A structural or behavioral equation may involve a T" x G subset of the endogenous



variables Y7, a T x K; subset of the exogenous variables Zi, and a T x G subset of

disturbances V;j. The structural equation of interest is

Y61 =Zivi +u, (2.4)

where u = V131 and V = (V;, V). A component of u has the normal distribution N (0, o?),

where 02 = B1Q1181 and Q45 is the Gy x G upper-left submatrix of

Q Q
o | e (2.5)
Qo1 Qoo

When Y, Z, V, and II are partitioned similarly, the reduced form (2.1) can be written

II;; IIo
1., Ys) = (24, Zs) + (V1,Va), (2.6)

11y, IIx

where (Y7,Y2) is a T' X (G1 + G2) matrix. The relation between the reduced form and the

structural equation is

T I, IIp| (B 11164
0 H21 H22 0 H21/81
The second submatrix of (2.7),
IIy:8: = 0, (2.8)

defines (37 except for a multiplicative constant if and only if the rank of Iy is G; — 1
(G1 < K31). In that case the structural equation is said to be identified.

In this paper we derive the likelihood ratio test of the null hypothesis

Hy: B1= 0o

against the alternative

Hi : 37 is identified.



The goal of this paper is to show that this test is admissible. See Section 6. Roughly
speaking, it means that there is no other test that can have better power everywhere. In
developing this thesis it will be convenient to carry out the detail when ~; is vacuous, that
is K1 = 0. Furthermore, we set Go = 0 so that G = G1. Then the reduced form and

structural equation are

Y =ZII+V. (2.9)

3 Invariance and normalization

Exogenous variables The model (2.1) and Hy : 3 = (B are invariant with respect to

linear transformations of the exogenous variables
Zt=zc, nuU"=c'n (3.1)
for C being nonsingular. Then
Ztmt =zn, At =cCc'Ac, PT=C'P, (3.2)

and

Gt=pPYAtPt=PAP=G, H'=Y'Y-PYAtP*=H. (3.3)

Endogenous variables If the rank of ITis G—1 (< K), the equation IT3 = 0 determines

3 except for a multiplicative constant. The “natural normalization” is

808 =1, (3.4)

which determines the constant except for sign. The model (2.1), II8 = 0, and (3.4) is

invariant with respect to transformations

Y'=Y® II'=I®, =& '3 V=V, (3.5)



and

Q= d'0P, B = ® '3, (3.6)

where ® is nonsingular. Then

P*=P®, G*=P'AP*=® P AP® = 'GP, (3.7)

and

H*=®H®, II'p*=IIg=0, B7Q6* =1 (3.8)

Now we consider the model (2.1) and II8 = 0 when © (the covariance matrix of a row
of V') is known except for a constant. In this case we can make a transformation (3.5) and

(3.6) so 2 = o?I. Then the first equation in (3.6) is

I=00, (3.9)

that is, the invariance with respect to transformations (3.7) and (3.8) is with respect to
orthogonal transformations. We shall use O to indicate an orthogonal matrix. We can
write (3.5) and (3.6) as

Y*=YO, II'=10, B*=08, V'=VO,
(3.10)

By =080, BB =pB=1

P* = PO, H*=0HO,
(3.11)
PYAP* = O'P'APO.
The null hypothesis is 8 = .
The reader’s intuition can be helped by thinking of the case G = 2. A row of Y is a
point on a two-dimensional graph, say a map. The rotation by O corresponds to rotating

the map, that is, looking at the map from a different point of view. In this study there is

no preferred coordinate system.



4 A canonical form for G = 2 and polar coordinates

The main part of this paper concerns the model for Q = %I, and

Gi=G=2, Gy=0, K =0 Ky=K3>2. (4.1)

Then the vector 8 with natural parameterization satisfies

IIB =0, B8 =1. (4.2)
We can parameterize 3 as
cos 6
= , —r <0< (4.3)
sin 0

This is the polar or angular representation of the coefficient vector.

When the K x 2 matrix IT has rank 1, it can be parameterized as

I1 = ~vd/, (4.4)
where v is a K x 1 vector and
—sind
cos

Note that

cos —sinf
B a) = =0 (4.6)

sinf cos@

is an orthogonal matrix. The model is identified when 4 # 0. Since €2 is known, a sufficient
statistic in the model is P.
Now make a transformation (3.1) so AT = C'AC = Ig; define Q = PT = C7'P and
wW=C'ZV,
" =va/, PAP=Q'Q, v=C 1y, (4.7)



and a’a = 1. The model is

Q=vad +W. (4.8)

E(ww)) = E(wowh) = oI, E(wiwh) = 0. (4.9)

The hypothesis 3 = By is equivalent to the hypothesis § = 6y when B = (cos#,sin6)" and
is equivalent to the hypothesis @ = ap when a = (—sin 8, cosf)" and 6 = 6.

Define A by v'v = A2, Then v = M, where n'n = 1. We call \2 = trEQEQ’ =
trva’ar’ = trvv’ = Vv the noncentrality parameter.

The density of Q is

%efétr W'W/o? _ %e*%tr(Q*vo/)/(Q*W')/U2
(2mo2?) (2ma?)
- (12)K6§tr(Q>\na’)’(QMa')/"2
2o
s Ll (4.10)
o

since A2 tr(an’na’) = A% and M tr(an'Q) = \n'Qa.

5 The likelihood ratio test

In this section we derive the likelihood ratio test of Hy : o = g vs Hy : EQ = v’ when Q
has the likelihood defined by (4.10). The derivative of the logarithm of (4.10) with respect

to v set equal to 0 gives

Qo =v. (5.1)

Then
VQa=vv=adQQa=dGa, (5.2)

where G = Q'Q. The logarithm of the likelihood maximized with respect to v is —K log(27)

plus

1 1 1
-5 [trG — a'Ga] = D) tr G + §a’Ga. (5.3)



Let G = O;ROy;, where

ry O cost —sint
R = , Op= = (B, ap); (5.4)
0 7o sint cost

that is, r1 < 7o are the eigenvalues of G and (cost,sint)" and (—sint,cost)” are the corre-
sponding eigenvectors of G. Under H;j the likelihood is maximized by a = (—sint, cost)’
and (5.3) is —3r1. Under Hy the likelihood is maximized by o = a9 = (—sin 6, cos ).

Then

a,Gay = a[,0;RO,
= rysin®(t — 6p) + ra cos?(t — )

= (11 — o) sin®(t — ) + ra. (5.5)

The likelihood ratio criterion for testing 6 = 6y in the model (4.10) is

e—%(?"z—’l‘l) SiHQ(t—Qo)' (56)
The acceptance region of the test is
(ro —m1) sin2(t —6p) < function of . (5.7)

Note that the problem is invariant with respect to the group of transformations

a— Oua, ag— O,g, 1 —> Opn,
(5.8)
0 — 0+a, 0o — 0o + a.

The parameters that are invariant are the noncentrality parameter A\? and the difference in
angles 6 — 0g. We shall consider testing Hy : 8 = 0y for each fixed \. We want to separate

the effect of the testing procedure from the effect of the noncentrality parameter.



6 Definition of admissibility of tests

Consider a family of densities f(y|w) defined over a sample space ) and a parameter space
. The parameter space is partitioned into two disjoint sets 2y representing the null
hypothesis and €21 representing the alternative. A set A in the sample space represents the

acceptance of the null hypothesis.

Definition 6.1. A test A is as good as B if

Pr(Alw) > Pr(Blw), w € Qy, (6.1)

Pr(Alw) < Pr(Blw), w € Q. (6.2)

Definition 6.2. A is better than B if the equations above hold with strict inequality for at

least one w.
Definition 6.3. A is admaissible if there is no B better than A.

See, for example, Anderson (2003, Def. 5.6.3) or Lehmann (1986, Sect. 1.8).

Admissibility of a likelihood ratio test asserts that

Pr{Accept Hy|Hy, LR} > Pr{Accept Hy|Hp, competing test}, (6.3)

Pr{Accept Hyo|H1, LR, A\} < Pr{Accept Hy|H1, competing test, A}. (6.4)

In the terms of economics the LR test is Pareto-optimal.

The inequality (6.3) says that LR is at least as good as the competitor with respect to
significance level, that is, probability of acceptance of the null hypothesis, at each parameter
point w in the null hypothesis. The inequality (6.4) says that LR is at least as good as the
competitor with respect to power. Note that the comparison of the two tests is made for each
parameter point w. In the testing problem considered in Sections 6 and 7, Q = Ana/ + W,
the invariant parameters are essentially the noncentrality parameter A and the difference
between the null hypothesis angle 6y and the model value of . Thus w = (\,0 — 6y). The

model is invariant with respect to transformations (5.8).

10



7 Function of GG

First we show that a function of @ that is invariant with respect to transformations (5.8)

is a function of Q'Q = G.

Lemma 7.1. A function of Q that is invariant with respect to

Q—0.,Q,  Q—QO0, (7.1)

is a function of G = Q'Q.

Proof. (i) G is a function of @ that is invariant. (ii) If there are Q1 and Q2 such that
Q1Q:1 = Q3Qo, (7.2)

then there exists an orthogonal matrix O, such that Q1 = Q.Q>. 0

Invariant tests of Hy : @ = 6y can be based on G = Q'Q.

8 Density of G

The matrix G = Q'Q has the noncentral Wishart distribution with K degrees of freedom,

covariance o2I5, and noncentrality matrix
(A\na) (Ana’) = Nad/. (8.1)

See Anderson and Girshick (1944). The density or likelihood of G is

AQ—%trG|G|%(K—3)

.
23K+ 3D [L(K —1)]

1 3(K=2) & 22 J 1
1 == —_ ) — 8.3
1(k—2)(2) (2,2) ;}(4) FIEy ] (8.3)

is the modified Bessel function of order (K —2)/2 (Abramowitz and Stegun, 1972, (9.6.10)

(A2a/'Ga)~E-2/4 I%(K—z) ()\\/ a’Ga) , (8.2)

where

on p. 375); see also Appendix B. The first factor in (8.2) is a constant times the central

11



Wishart density.
Transform G (2 x 2) to (r1,72,t). The Jacobian of the transformation is ro — ri; see

Appendix A. The density of ri,7y and t (—7 <t < ) is

_ —3A2 =3 (ritr2) 5(K-3)
(ro 7“1)16 2 12 (rima)?2 IE(K,Q)(/\QCz)’ (8.4)
225D [3(K — 1)) 2
where
> = d/O;RO,«
=ay Rag
= rysin?(t — ) + ry cos?(t — 6)
=19 — (ry — 1) sin?(t — 6), (8.5)
ey 3
* 2.2
%(K_Q)()\ c’) = <2> I%(KfQ)()‘C)
00 2.2\ J 1
— <A4c > T (8.6)
Let
_ 3(K=3) g—(r1472)/2
ro —1r1)(1r172)2 e
n(ri,ra) = 2 ffz(ﬂl i) 1 (8.7)
2: 8 el [L(K — 1))
Then the density of rq, 79, and t is
1
A(ri,ra,t10,0) = n(ri,ra)e 2V T4 () (V). (8.8)
9 Likelihood ratio criterion in terms of G
The density (i.e., likelihood) of 1, 72, and t given A and
Hy:0 =0, (9.1)
is
max Lhd = n(rq, 7“2)e_>‘2/2 I (A\2cd), (9.2)

Ho 3(K=2)

12



where

& = rysin®(t — ) + o cos?(t — 0y) = 1y — (ro — 1) sin®(t — ). (9.3)

The likelihood is maximized with respect to 6 (given \) for

Hi:—7<60<m (9.4)
at 6 = t. Then
A2/9 %
max Lhd = n(ry, ro)e > /2 I%(K,Q)()‘2T2)- (9.5)

The likelihood ratio criterion for testing Hy : 8 = 6y against the alternative Hy : — 7 <6 <7

given A is

* 2.2
maxy, Lhd I%(K—Q)(A )

LRC = = 2
maxy, Lhd I%(Kiz)()ﬂm)
* 2 102
_ I%(K—2) {\2[rg = (ro — 71) sin®(t — 6o)] } 9.6)
I (-0)(WPr2)

The function I7

( Kiz)()\zcg) is an increasing function of A2cZ, and cZ is an increasing
2

function of (ry — r1)sin?(t — 6p), hence I} (A2c2) is decreasing in (rg — 1) sin®(t — 6p).

5(K-2)

The acceptance region of the likelihood ratio test of Hy : 8 = 6y given A can be written
(ro — 1) sin?(t — 6p) < function of 71, 9, and . (9.7)

Note that the likelihood ratio criterion (the left side of (9.7)) does not depend on the
parameter A. However, the probability of acceptance does depend on A. When the null hy-
pothesis is true, the distribution of the LRC does not depend on 6g; that is, the distribution
is invariant with respect to transformation (3.10). The maximum likelihood estimator of 6
is 6 = t; the maximum likelihood estimator of 3 is [3’ = By

The likelihood ratio criterion when A is considered as a parameter could be derived
from the model (4.10); that is equivalent to the hypothesis 8 = By,, when 3’3 = 1. The

likelihood of (4.10) is maximized with respect to v for fixed 6 at ¥ = Qa yielding a

13



maximized likelihood of

2 1)K“3étr varieee - 2 1)K€5(“Galca)
T v
N <21>K65“R+%CQ. (9.8)
v

Under the null hypothesis ¢? is
2 =1y — (ro —r1)sin®(t — ). (9.9)

Under the alternative H; the maximum of the likelihood (9.8) occurs at § = 0 and ¢? = ry.

Then the likelihood ratio criterion for testing Hy vs Hy is

e—%(rg—rl)sin2(t—90)' (910)

However, to carry out the admissibility argument requires explicit treatment for each value

of A\. See Anderson and Kunitomo (2009).

10 Bayes test

We now formulate the testing problem as a 2-decision problem: 6 = 6y vs 0 # 6y with the

loss function L(6,a), where the action a is accept Hy or reject Hy.

Action

L(6,a) | Accept Hy Reject Hy

Parameter 6 = 0 0 1

0+ 6, 1 0

A test (or decision rule) is a function d(r1,r2,t) taking values a = accept Hy and a =

reject Hy. The risk of a test is the expected loss

0o pro T
R(0,\, d) = / / / L0, d(r1, 2, )] h(ri, 7o, 1|0, N d drvdrs— (10.1)
0 0 -7

14



as a function of # and A. The average risk of a procedure with prior distribution P(0) is

R*[P(-), A, d] = /W R(6, )\, d) dP(6). (10.2)

We suppose the distribution P(#) has a jump of Pr{6 = 6y} at 6y and a density [1 —Pr{f =

00}p(0) for 6 # Oy. Then

R*[P(-), \,d] = Pr{0 = 6} Pr{reject Ho|fp, \}

+ [1 —Pr{0 = 6p}] / Pr{accept Hy|0, \}p(0) dO

—T

= PI‘{9 = (90}/ h(’r‘l,TQ,t|90, )\) d?“l d’r‘Q dt
R

+ [1 — PI‘{9 = 90}] / 71(7’1, T2, t’/\) dry dry dt, (103)
A

where R is the rejection set of r1,7r2,f and A is the corresponding acceptance set, and

B(Tl,TQ,t’)\) = / h(T1,T2,t|0,)\)p(9) do (10.4)

—T

is a density. The average risk can be written as

R*[P(-),\,d] =Pr{0 =6y} + /A {[1 = Pr{6 = 60} h(ry, 72, t|N)

—PI‘{H = Go}h(n,rg,tlﬁg,/\)} d7"1 d?“g dt. (10.5)

The average risk R*[P(+), A\, d] is minimized by the largest acceptance set A for which
[1 — PI"{H = 90}] E(Tl, ro, t’)\) — Pr{& = eo}h(?”l, T, t’eo, )\) < 0, (10.6)

that is, the largest set A for which

A . h(?"l,TQ,ﬂeo, )\) > 1-— PI‘{9 = 00}
" R(ry,re,t|A) T Pr{6 =60}

(10.7)

Theorem 10.1. For each A the Bayes test of Hy : 0 = 0y vs Hy : 0 # 0y when Hy has the

prior probability [1 — Pr{0 = 0y}| and Hy has the prior probability Pr{6 = 0y} with density

15



p(0) (0 # 6y), has the acceptance set (10.7).

The Bayes test is essentially obtained by applying the Neyman—Pearson Fundamental
Lemma to h(ri,72,t0p, A) and h(ry, 72, t|\).
When

p(0) = —rm<6<m, (10.8)

the denominator of the left-hand side of (10.7) is

h(r1, 72, \)
e [T - )\2>j 1 ) J
=n(r,re)e 2" — — ) ————— |rg — (ro —r{)sin“(t — 0)|” db
(r1,72) o _ﬂ;<4 FTIK 1] [rg = (ro — 1) sin®( )]
1,2 e )\2)] 1 1 /t+7r e j
=n\ry,rz)e 2 — | Y= rg — (ro —r1)sin“ z|” dx
(r1,72) 2(4 TR [ st
= n(’rh T?)e_%AQfK(le T2, >‘)7 (109)
where

(A%’ 1 1 [" o
fK(r177ﬂ27)\) = Jgo <4) m% /_ﬂ_ [TQ - (7"2 - Tl) Sin 33:| dﬂj (1010)

The integrand in (10.10) is nonnegative and less than r%; hence, the sum converges and
fr (1,72, A) is well-defined. Then the left-hand side of (10.7) is
* 2.2
B, r, 0, ) _ T W)

> = . 10.11
h(Tl,’r‘Q,t|)\) fK(T’l,TQ,)\) ( )

The numerator of the LRC and the left-hand side of (10.7) are the same.
The conclusion is that a LR test can be expressed as a Bayes test for a prior of the

uniform distribution for the parameter 6.

Theorem 10.2. The likelihood ratio test for Hyo : 0 = 0y vs Hy : 0 # 0y is a Bayes test for

a prior density 1/(27).

16



11 Admissibility of invariant tests

See Section 5.6.2 of Anderson (2003), for example. If the sets A and B are invariant
with respect to a group of transformations, the test with acceptance set A is known as an

admissible invariant test.

Theorem 11.1. The Bayes test with acceptance region (10.7) is an admissible invariant

test of Hy vs Hi.

Proof. Let the Bayes test for Pr{f = 6y} and the density p(-) be given by (10.7), resulting
in the average risk R*[p(-), A, dp]. If this test is not admissible, then there is a test d* that

is better than dp, that is,

R*[p(-), A, d*] <R" [p(-), \, dp] (11.1)

for all # and A with strict inequality for some € and A. However, this assertion contradicts

the construction of the Bayes test dp. O

The conclusion is that the LR test is an admissible invariant test.

The invariance involved here is with respect to certain linear transformations. This
consideration is a generalization of the notion that the questions at issue do not depend
on the unit of measurement; for example, inches vs feet vs meters or pounds vs kilograms
or radians vs degrees. The linear transformations do not affect the inference problems for

which the model is used.

12 Admissibility over all tests

12.1 General theorem

Now we consider admissibility with respect to all tests. We assert that the best invariant
test of @ = 0 is admissible within the class of all tests; in particular, a LR test is admissible
within the class of all tests. The idea is that a family of tests — invariant or not — can

be transformed to a family of randomized invariant tests; if the original family of invariant

17



tests is admissible within the class of invariant tests, the transformed family is admissible
within the class of all tests.

We apply the so-called “Hunt—Stein theorem” to the effect that the best invariant test
is admissible in the class of all tests if the group of transformations defining invariance is
finite or compact. See Zaman (1996, Sect. 7.9) or Lehmann (1986, Thm. 7 of Chap. 3).
The proofs of such theorems are based on the argument that the randomization of the
noninvariant tests yields an invariant test that is as good as the noninvariant test.

In the model

Q=Xna' +W (12.1)

for fixed \, each parameter vector n and « take values in closed sets n'n =1 and &’a = 1,

which are therefore compact and satisfy the Hunt—Stein conditions.

Theorem 12.1. The LR test of 0 = 6y is admissible in the set of all tests.

12.2 An example

To illustrate the Hunt—Stein theory, consider the model in which 8 can take on a finite

number of values, say
1 2 N -1

9:O7N27T’N27T7...7 N

. (12.2)

Note that o’ = (—sin#, cos ). Consider the group of transformations
g
0—>9+%27r, t—)t—l—%%r, j=0,1,....,N —1. (12.3)

Let these values of § be labeled as 63,67,...,0%_;. Each of them corresponds to a null
hypothesis. Define a test of the hypothesis # = 0} by the acceptance region A} = A (t,r1,rz)

in the space of t,r1, 9. The set of tests is an invariant set if
A,’;(t—@,’:,rl,rg) :A;(tfg;ﬂ"l,?“g) (124)

for k,7=0,1,...,N — 1.

)

The LR test of the hypothesis 6 = 6 against the alternative 6§ = 67 for some j =

18



0,1,...,N — 1 is the Bayes solution for the hypothesis ¢ = ¢ for prior probabilities

Pr{9:t9j}:ﬁ, j=0,1,...,N — 1. (12.5)
Suppose the set of tests are not necessarily invariant; that is, (12.4) does not necessarily
hold. We can randomize these N tests by defining an invariant randomized test.
The acceptance region Aj(t,r1,r2) can be adapted to test § = 6 by subtracting ¢ from
Ai(t,r1,r2) and adding 6, which is the region Aj(t — 67 + 67,71,72). A randomized test
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for the null hypothesis § = 67 has acceptance region

1 N-1
N A};(t — 9: + (9?, 1, 7“2). (12.6)
k=0
The set of such tests for 6}, ¢ =0,1,..., N — 1, is an invariant set.
Lemma 12.1. If a test with an invariant family of acceptance regions Ag, A1, ..., An_1 is

admissible in the set of invariant tests, it is admissible in the set of all tests.

Proof by contradiction. Suppose Ag,...,Ay_1 is a family of better tests (not necessarily
invariant). Then the invariant randomized tests based on Ag,..., Ay_1 is better than
the family of Ag,...,Axy_1. But this contradicts the assumption that Ag,..., Ay_1 is

admissible in the set of invariant tests. O

13 Comments

13.1 Invariance with respect to linear transformations of exogenous vari-

ables

In the model (2.1) Y = ZII 4+ V a linear transformation of Z and II (ZT = ZC and
It = C~ ') leaves ZII invariannt and hence does not affect the model.

Similarly, the transformation does not affect the equation II3 = 0, in particular the
null hypothesis II3; = 0. This property is a generalization of the idea that the model and
the problem do not depend on the units of measurement. This property implies that a test

can be based on G = P'AP.
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13.2 Invariance with respect to orthogonal transformations of endoge-

nous variables

When 2 = I is assumed, an orthogonal transformation of the disturbance V-— VO and a
corresponding transformation of 3, 3 — O’3 and of the null hypothesis By — O’3y do not
affect the equations, 3 = Bg and 3’3 = 1. In the G—space this transformation is a rotation

of coordinates.

13.3 Conclusions

Theorem 12.1 states that the LR test of Hy: a = g vs H1 : EQ = Ana (m'm =1, d/a =1)
is admissible in the class of all (randomized) tests. This implies that given any test of Hy
vs Hy in the model £Q = Ana’ there is an LR test that is better than that test. Thus the
statistician need only consider (randomized) LR tests.

Note that the comparison of a given test with respect to a holds for each specified .
The theorem does not indicate how to establish the significance level for a specific A. The

analysis assumes that the system is in equilibrium; that is, that (4.8) holds for all T

14 A more general model

Instead of (2.9) consider (2.4) with the hypothesis Hy : 81 = Bo, where 3; satisfies (2.8).
Let
Zy1 = Zo — Z1 AT Ay, (14.1)

where A has been partitioned into K7 and K5 rows and columns. Then the relevant part

of the reduced form (2.6) can be written
Y) = Zy (T + Ay A1oIlyy) + Zo1TIo + V. (14.2)
The sufficient statistics are A{'Z;Y1 and Py = Ay, Z5 Y, where

Aoy = ZhZyy = Agy — A9 AT Avo, (14.3)

20



and they are independent. The developments above proceed with Z replaced by Zs1, Y

by Y1, etc.
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A Jacobian

The representation of G = O, RO; in components is

2 2 :
g11 912 rycos“t+rosin“t (r;y —rg)costsint
= ( ) . (A.1)
go1  §22 (r1 —ro)costsint rysin®t 4 7y cos®t
The matrix of partial derivatives of g11, g22, g12 with respect to r1, ro and ¢ is
cos? t sin? t —2(ry — rg)costsint
sin? ¢ cos? t 2(ry —rg)costsint | - (A.2)

costsint —costsint (ry —re)(cos?t — sin?t)

The Jacobian of the transformation is the absolute value of the determinant of (A.2) which

is r9 — 71.
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B The noncentral Wishart distribution

Let Q = A\na’ + W, and

Q) 1 1 w)
Q= ! , M= , o= , W= ! , (B.1)

Q2 0 0 W,
where Q2 and Wy are (K — 1) x G, Q1 and wy are G x 1, nis K x 1 and a is G x 1.
Note that n'n = 1 = &’a. The rows of W are independently normally distributed with

means 0 and covariance matrix I. Then Q5Q2 = G has a (central) Wishart distribution

W(Ig, K — 1) with density

‘GQ‘%(K—G—Q)e—% tr Ga

B.2
93(K-1)GG(G-1)/4 HiG:I I [L(K —i)] (B-2)
(Anderson, 2003, Th. 7.2.2). The vector q} = (qi1, q}-) has the density
1 - 6_%((]11_)‘)2_%1132‘112‘ (B.3)
(2m)10

The joint density of the matrix G5 and the vector g is the product of (B.2) and (B.3).

The joint density of G = q1q] + G2 and q; is
G- qlq“%(K—G—Q)e—% tr G+Aq11—A?/2
93 KG LG(G+1)/4 Hici1 T [%(K _ i)]
|G| %(K7G72) (1 _ in—lql)%(KfoQ)ef% tr G+Agq11—A?/2

95 KG G(G+1)/4 1%, [L(K —i)]

(B.4)

See Corollary A.3.1 of Anderson (2003), for example.
The noncentral Wishart density of G is the integral of (B.4) with respect to the vector
q; = (q11, q}y) over the range for which 1 — ¢/G~'q; is positive. Anderson and Girshick

(1944) carried out the algebraic details of this integration.

Theorem B.1. The density of G = Q'Q, where Q = Ana’ + W, n = (1,0), and o =
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(1,0), is

e~ (1/2X—(1/2)tr G

9(1/2) KG—(1/2)(K—2) 1 G(G—1)/4 HzG:_11 T [%(K _ z)}

L(K—G-1) y*
G|2(K-C 1>1%(K_2)(A2g11) (B.5)

where
2

* 2\ __ . < 7 1
I%(K—z)(z ) = ]Z::O <4> TE+j) (B.6)

C Neyman—Pearson fundamental lemma

Let po(z) and p1(x) be two densities defined for x in some (finite) Euclidean space. Consider
testing the null hypothesis that the density of x is po(x) against the alternative that the

density is p1(z). The significance level of the test is defined as
a = Pr{rejecting Hp|sampling po(z)}.
The power of the test is defined as
Pr{rejecting Hy|sampling p;(z)}.

The most powerful test of Hy given the significance level « is defined by the rejection region

for the minimum k. See Problem 6.4 of Anderson (2003), for example.
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