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1 Introduction.

A “goodness-of-fit” test is a procedure for determining whether a sample of n observations,
x1,...,T,, can be considered as a sample from a given specified distribution. For example,
the distribution might be a normal distribution with mean 0 and variance 1. More generally,

the specified distribution is defined as

F(x):/f(y)dy, —00 < x <00, (1)

where f(y) is a specified density. This density might be suggested by a theory, or it might
be determined by a previous study of similar data.
When X is a random variable with distribution function F(z) = Pr{X <z}, then

U = F(X) is a random variable with distribution function

Pr{U<u}=Pr{F(X)<u}=u, 0<u<l (2)
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The model specifies u; = F(x1),...,u, = F(x,) as a sample from the distribution (2), that
is, the standard uniform distribution on the unit interval [0, 1] written U (0, 1).

A test of the hypothesis that z,...,x, is a sample from a specified distribution, say
FO(x), is equivalent to a test that u; = F°(z1),...,u, = F°(z,) is a sample from U(0, 1).

Define the empirical distribution function as
F.(r)=—, —o0o<z<o0, (3)

if k of (x1,...,1,) are < z. A goodness-of-fit test is a comparison of F),(x) with F°(z). The
hypothesis Hy : F(z) = F°(z), —co < o < oo, is rejected if F,(x) is very different from

F°(z). “Very different” is defined here as
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being large; here (1) holds and v(z) is a weight function such that ¥ (z) > 0, and f°(z) is
the density of FO(x).

If (2) = 1, the statistic W? is the Cramér-von Mises statistic, denoted by nw?. Anderson
and Darling (1952) gave a table of the limiting distribution of nw? as n — oo. For example,

the 5% significance point is .46136 and the 1% significance point is .74346.

2 The Anderson-Darling Statistic.

For a given x and hypothetical distribution F°(+), the random variable n F,,(x) has a binomial
distribution with probability F°(x). The expected value of n F,,(z) isnF°(z) and the variance
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is n FO(x) [1 — F°(z)]. The definition of the goodness-of-fit statistic (4) permits the choice
of weight function ¢ (-). In particular the investigator may want to emphasize the tails of

the presumed distribution F°(z). In that case the choice is

Then for a specified x
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has mean 0 and variance 1 when the null hypothesis is true. The Anderson-Darling statistic

is
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It was shown in Anderson and Darling (1954) that (7) can be written as

n
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where u(;) = F° (at(j)) and x(1) < T(2) < ... < Z(y) is the ordered sample.

Anderson and Darling found the limiting distribution of A2 [for weight function (5)]. In
the next section the development of this distribution is outlined. The 5% significance point
of the limiting distribution is 2.492 and the 1% point is 3.880. The mean of this limiting

distribution is 1 and the variance is 2(7? — 9)/3 ~ .57974.

3 Outline of derivation.

Let u = F(z), u; = FO(z;),i=1,...,n, and uz = FO(z), i = 1,...,n. Let Gu(u) be

the empirical distribution function of uq, ..., u,; that is,

Go(u)y=—, 0<u<l, 9)



if k of uy,...,u, are < wu. Thus
G, [F(x)] = F2(a), (10)

and

W? = n/ G (u) — u]zw(u)du, (11)

V(1) = v/ [Gulu) — ] (12)

is a random variable, and the set of these may be considered as a stochastic process with

parameter u. Thus

1
Pr{W; <z} ="Pr / Y2(u)(u)du < z p = An(2), (13)
0
say. For a fixed set uy, ..., u; the k-variate distribution of Y,, (u1),...,Y, (ux) approaches a

multivariate normal distribution as n — oo with mean and covariance function
EYn(u)] =0, EY,(u)Y,(v)=min(u,v)— uv. (14)

The limiting process of {Y,,(u)} is a Gaussian process y(u), 0 < u < 1, and Ey(u) = 0 and

Ey(uw)y(v) = min(u,v) — uv. Let

a(z) = Pr /yz(u)w(u)du <zy. (15)

Then A,(z) — a(z), 0 < z < oo. The mathematical problem for the Anderson-Darling
statistic is to find the distribution function a(z) when ¥ (u) = 1/u(1l — u).
1
We briefly sketch the procedure to find the distribution of [ 2?(u)du, where z(u) is a
0

Gaussian stochastic process with £z(u) = 0 and £z(u)z(v) = k(u,v). When the kernel is
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continuous and square integrable (as is the case here), it can be written as
= 1
il 16
where )\; is an eigenvalue and f;(u) is the corresponding normalized eigenfunction of the

integral equation

)\/k:(u,v)f(u)du: f(v), (17)

[ fwan=1. [ fpde=o, iz (18)

Then the process can be written
Z = Xifstu (19)
where X7, Xs, ..., are independent N (0, 1) variables. Then
1 o
1
— 20
=5 L ®
. =

with characteristic function

€ exp z't/lzz(u)du = ﬁé' (expz’tXf/)\j)
0 i=1
- £1(1—2ﬁ/xa_%. (21)

The process Y,*(u) = /9 (u) Y, (u) has covariance function

= /¥ (u)\/¢(v) [min (u,v) — uwv]; (22)

as n — 0o, the process Y,*(u) approaches y*(u) = /9 (u)y(u) with covariance (22). The

characteristic function of the limiting distribution of nw? is
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for ¢ (u) = 1, and that of the limiting distribution of A2 is

—2mit
= — . (24)
cos (—\/1 + 8zt)
2
for Y(u) = 1/u(l — u).
The integral equation (17) can be transformed to a differential equation
R"(t) + Mp(t) h((t) = 0. (25)

4 Anderson-Darling tests with unknown parameters.

When parameters in the tested distribution are not known, but are estimated efficiently, the
covariance (14) is modified, and the subsequent limiting distribution theory for both rnw?
and A2 follows the same lines as above, with this new covariance. If the parameters are
location and/or scale, the limiting distributions do not depend on the true parameter values,
but depend on the class of tested distributions. If the parameters are shape parameters,
the limiting distribution depends on shape. Limiting distributions have been evaluated and
percentage points given for a number of different tested distributions; see Stephens (1976,
1986). Tests for three parameter Weibull, and von Mises have been given by Lockhart and
Stephens (1985, 1994).

The percentage points for these tests are much smaller than those given above for the

case when parameters are known.
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