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Abstract

Reduced rank regression analysis provides maximum likelihood estimators of a matrix of

regression coefficients of specified rank and of corresponding linear restrictions on such

matrices. These estimators depend on the eigenvectors of an ‘‘effect’’ matrix in the metric of an

error covariance matrix. In this paper it is shown that the maximum likelihood estimator of

the restrictions can be approximated by a function of the effect matrix alone. The procedures

are applied to a block of simultaneous equations. The block may be over-identified in the

entire model and the individual equations just-identified within the block. The procedures are

generalizations of the limited information maximum likelihood and two-stage least squares

estimators.
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1. Introduction

A simultaneous equation model (SEM) relates a set of endogenous or dependent
variables to a set of exogenous or independent or predetermined variables with
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unobserved random or error variables. In contrast to many statistical studies the
interest in SEM’s is in linear restrictions on the regression of the dependent variables
on the independent variables. In order to have nontrivial linear restrictions on the
regression coefficients the regression matrix has to be of reduced rank. Reduced rank
regression (RRR) and linear restrictions on regression matrices are two aspects of
the one consideration.

A multivariate regression model is

Y
T�p
¼ Z

T�q
P

q�p
þ V

T�p
, (1.1)

where the dependent matrix Y is T � p, the independent matrix Z is T � q, and the
unobservable disturbance matrix V ¼ ðv1; . . . ; vT Þ

0 is T � p. Let Evt ¼ 0, Evtv
0
t ¼ X,

and Evtv
0
s ¼ 0, tas [for example, Anderson (2003, Chapter 8)].

If rank ðPÞ ¼ kop; q, the matrix P can be written

P ¼ GC, (1.2)

where G ðq� kÞ and C ðk � pÞ are suitable matrices of rank k. Alternatively the rank
condition on P can be expressed as

PB ¼ 0 (1.3)

for suitable B ðp� nÞ of rank n, where n ¼ p� k.
Inference concerning P of rank k and X based on a sample ðY;ZÞ was developed

by Anderson (1951). In particular the maximum likelihood estimators of G;C;B and
X were derived for the model of v1; . . . ; vT being independently normally distributed.
Later this analysis was called reduced rank regression (Izenman, 1975).

The case of one linear restriction was treated by Anderson and Rubin (1949,
1950). The present paper gives generalizations to several linear restrictions.
Anderson and Rubin derived the asymptotic distribution of a maximum likelihood
estimator of a linear restriction [the so-called limited information maximum
likelihood (LIML) estimator] by finding the asymptotic distribution of the
approximating simpler estimator [later termed the two-stage least squares (TSLS)
estimator] [see Anderson (2005)]. These results are generalized here to the case of
several restrictions.
2. Reduced rank regression

Denote a sample of T observations by ðy1; z1Þ; . . . ; ðyT ; zT Þ. Define Y ¼

ðy1; . . . ; yT Þ
0 and Z ¼ ðz1; . . . ; zT Þ

0. The second-order sample moments are

Myy ¼
1

T
Y0Y; Myz ¼

1

T
Y0Z; Mzz ¼

1

T
Z0Z. (2.1)

Because the interest is in the relations between yt and zt, we treat these variables
as if the means are 0. The maximum likelihood estimators of P and X when the
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rank of P is unrestricted are

P ¼M�1zz Mzy ¼ ðZ
0ZÞ�1Z0Y,

W ¼Myy � P0MzzP ¼
1

T
ðY0Y� Y0ZðZ0ZÞ�1Z0YÞ. ð2:2Þ

The maximum likelihood estimators when the rank of P is restricted involves the
eigenvalues and eigenvectors of P0MzzP ¼

1
T
Y0ZðZ0ZÞ�1Z0Y in the metric of W. Let

l14 � � �4lp be the roots of

jP0MzzP� lWj ¼ 0, (2.3)

and let bi be the solution to

ðP0MzzP� liWÞb ¼ 0; b0Wb ¼ 1; i ¼ 1; . . . ; p. (2.4)

Define

F ¼ ðb1; . . . ; bkÞ; eB ¼ ðbkþ1; . . . ; bpÞ. (2.5)

The maximum likelihood estimator of P of rank k isbPk ¼ bGbC, (2.6)

where bG ¼ PF and bC ¼ F0W. A maximum likelihood estimator of B is eB. Note thatbPk
eB ¼ 0. An estimator of B equivalent to eB is eBOn, where On is any orthogonal

matrix of order n.
The matrix eB satisfies

P0MzzPeB ¼WeBKn, (2.7)

eB0WeB ¼ In, (2.8)

where Kn is the diagonal matrix with diagonal elements lkþ1; . . . ; lp. The matrix
X ¼ eBOn satisfies

P0MzzPX ¼WXðO0nKnOnÞ (2.9)

and (2.8) with eB replaced by X; the matrix O0nKnOn has eigenvalues lkþ1; . . . ; lp. The
matrix X ¼ eBNn, where Nn is any nonsingular matrix of order n, satisfies

P0MzzPX ¼WXðN�1n KnNnÞ, (2.10)

but not

X0WX ¼ In. (2.11)

Note that N�1n KnNn has the eigenvalues lkþ1; . . . ; lp.
Any matrix B of rank n satisfying PB ¼ 0 can be multiplied on the right by an

arbitrary nonsingular matrix of order n to obtain another matrix satisfying PB ¼ 0.
One way of eliminating this indeterminacy is requiring some n� n submatrix of
B to be an assigned matrix. Suppose the rows of B are ordered so that B ¼ ðB01;B

0
2Þ
0

with B1 square and nonsingular. Then BB�11 ¼ ðIn;B
0�1

1 B02Þ
0. Thus we can require
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B to have the form

B ¼
In

�A

� �
. (2.12)

Correspondingly, let P ¼ ðP1;P2Þ. Then

0 ¼ PB ¼ ðP1;P2Þ
In

�A

� �
¼ P1 �P2A; (2.13)

that is, P1 ¼ P2A, and

P ¼ P2ðA; IkÞ ¼ GC. (2.14)

The (unique) maximum likelihood estimator of A is bA ¼ �eB2
eB�11 , whereeB ¼ ðeB01; eB02Þ0.
3. An approximation to the maximum likelihood estimator

Now we shall find an approximation to the maximum likelihood estimator bA that
has the same asymptotic distribution. The outline of this development is similar
to the use of the TSLS estimator as an approximation to the LIML estimator
by Anderson and Rubin (1950). See also Anderson (2003, Section 12.7). Let
vec ða1; . . . ; amÞ ¼ ða

0
1; . . . ; a

0
mÞ
0, and let ðA� BÞ ¼ ðaijBÞ be the Kronecker product of

A and B.

Lemma 1. Assume conditions on fztg and fvtg such that

Mzz ¼
1

T

XT

t¼1

ztz
0
t !M0

zz nonsingular, (3.1)

P!
p

P, (3.2)ffiffiffiffi
T
p

vec ðP�PÞ ¼ vecP� !
d

N½0;X� ðM0
zzÞ
�1
�, (3.3)

W!
p

X. (3.4)

Then ffiffiffiffi
T
p Xp

i¼kþ1

li!
p
0. (3.5)

Proof. Since b0iWbi ¼ 1, b0iWbj ¼ 0, iaj, b0iP
0MzzPbi ¼ li, and b0iP

0MzzPbj ¼ 0, iaj,Xp

i¼kþ1

li ¼
Xp

i¼kþ1

b0iP
0MzzPbi ¼ tr eB0P0MzzPeB, (3.6)

eB0WeB ¼ In. (3.7)
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For C ðp� nÞXp

i¼kþ1

li ¼ min
C

C0WC¼In

trC0P0MzzPC. (3.8)

This follows from the minimum–maximum properties of eigenvalues. For given
aiþ1; . . . ; ap

min
aj
0x¼0

j¼iþ1;...; p
x0Wx¼1

x0P0MzzPxpli, (3.9)

further

min
b0

j
Wx¼0

j¼iþ1;...; p
x0Wx¼1

x0P0MzzPx ¼ li. (3.10)

Since P has rank k, there is a matrix B ðp� nÞ of rank n such that PB ¼ 0 and
B0XB ¼ In. ThenXp

i¼kþ1

liptrB0P0MzzPB

¼ trB0 P0 þ
1ffiffiffiffi
T
p P�

0

� �
Mzz Pþ

1ffiffiffiffi
T
p P�

� �
B

¼
trB0P�

0

MzzP
�B

T
. ð3:11Þ

Assumptions (3.1) and (3.3) imply that

B0P�
0

MzzP
�B!

d
W ðB0XB; qÞ, (3.12)

where W ðB0XB; qÞ denotes the Wishart distribution with covariance matrix B0XB

and q degrees of freedom. Then for B such that B0XB ¼ In, B
0WB!

p
Ip,

trB0P�
0

MzzP
�B!

d
w2qn, (3.13)

and (3.5) follows. &

Since liX0, (3.5) implies that
ffiffiffiffi
T
p

li ! 0, i ¼ k þ 1; . . . ; p. Consequences of
Lemma 1 are that liW ¼ opð1=

ffiffiffiffi
T
p
Þ, liWbi ¼ opð1=

ffiffiffiffi
T
p
Þ, and P0MzzPbi ¼ opð1=

ffiffiffiffi
T
p
Þ,

i ¼ k þ 1; . . . ; p. The last can be summarized as

P0MzzPeB ¼ opð1=
ffiffiffiffi
T
p
Þ. (3.14)

This fact suggests that eB can be approximated by a solution to

ðP0MzzPÞn�B ¼ 0, (3.15)

where ð Þn� denotes ð Þ with the first n rows deleted. The k � p matrix ðP0MzzPÞn�
could be replaced by a k � p matrix consisting of any k rows of P0MzzP.
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Let P ¼ ðP1;P2Þ where P1 has n columns and P2 has k columns. Then (3.15) is

0 ¼ P02MzzðP1;P2Þ
In

�A

� �
¼ P02MzzP1 � P02MzzP2A. (3.16)

The solution for A is

bATS
¼ ðP02MzzP2Þ

�1P02MzzP1 ¼ ½Y
0
2ZðZ

0ZÞ�1Z0Y2�
�1Y02ZðZ

0ZÞ�1Z0Y1, (3.17)

where Y ¼ ðY1;Y2Þ. This is the TSLS estimator of A. (The superscript TS denotes
‘‘two-stage.’’)

Theorem 1. Under the conditions of Lemma 1ffiffiffiffi
T
p

vec ðbATS
� AÞ!

d
N½0;Rnn � ðP2M

0
zzP
0
2Þ
�1
�, (3.18)

where

Rnn ¼ B0XB. (3.19)

Proof.

bATS
� A ¼ ðP02MzzP2Þ

�1
ðP02MzzP1 � P02MzzP2AÞ

¼ ðP02MzzP2Þ
�1P02MzzPB

¼ ðP02MzzP2Þ
�1P02MzyB

¼ ðP02MzzP2Þ
�1P02

1

T

XT

t¼1

ztu
0
t, ð3:20Þ

where ut ¼ B0vt with Eut ¼ 0 and Eutu
0
t ¼ B0XB ¼ Rnn. &

Corollary 1. Under the conditions of Lemma 1ffiffiffiffi
T
p

vec ðbA� AÞ!
d

N½0;Rnn � ðP
0
2M

0
zzP2Þ

�1
�. (3.21)

Proof. From (3.14) and bB ¼ ðIn;�bA0Þ0 we find

op
1ffiffiffiffi
T
p

� �
¼ P02MzzðP1 � P2

bAÞ
¼ P02Mzz½P1 � P2A� P2ðbA� AÞ�

¼ P02MzzP2ðbAT
� AÞ � P02MzzP2ðbA� AÞ ð3:22Þ

by the first line of (3.20). Then the corollary follows from Theorem 1. &

Since P!
p

P and P has rank k, the components of yt can be numbered so that P2

has rank k. Hence, the probability that P02MzzP2 is nonsingular approaches 1.
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4. Inference in simultaneous equations models

A linear simultaneous equations model can be written in the form

YB ¼ ZCþU, (4.1)

where Y is T � G, Z is T � K , U ¼ T � G, B ðG � GÞ is nonsingular, and C is K � G.
The reduced form of this SEM is Y ¼ ZPþ V, where P ¼ CB�1 and V ¼ UB�1.
In order to determine B and C uniquely from the equation C ¼ PB and know-
ledge of P (which is in principle observable) conditions on ðB0;C0Þ0 are imposed.
For this purpose at least G � 1 elements in each column of ðB0;C0Þ0 are specified
as 0 and one nonzero element in each column is specified (for example, as 1).
Then the SEM is identified. [Here the notation B is conventional Cowles
Commission for SEM’s; see Koopmans (1950).] The specification of 0’s implies
that if another matrix ðBþ

0

;Cþ
0

Þ
0 with the same specification of 0’s is related to

ðB;CÞ by

Bþ

Cþ

" #
¼

B

C

� �
H, (4.2)

where H is nonsingular of order G, then H is diagonal. Note that the multiplication
of (4.2) corresponds to multiplication of (4.1) on the right by H. If the normalization
of the jth component equation of (4.1) is that bjj ¼ 1, then the specification of 0’s and
1’s implies H ¼ IG.

Suppose that the component equations of (4.1) and the columns of Y and Z are
numbered so that ðB0;C0Þ0 can be partitioned into GI, GE, K i, and Ke rows and n and
k columns as

B

C

� �
¼

BI BI

0 BE

Ci Ci

0 Ce

266664
377775. (4.3)

I and i denote the GI and K i variables included in the first n equations, and E and e
indicate the GE and Ke variables in the model that are excluded from the n equations.
Here npGI, and BI has rank n. (Otherwise B could not be nonsingular.) The
block of the first n equations [first n columns of ðB0;C0Þ0] is identified if and
only if GE þ KeXk ¼ G � n and rank ðB

0

E;C
0

eÞ ¼ k. The block is over-identified if
GE þ Ke4k. Let

H ¼
Hnn Hnk

Hkn Hkk

" #
. (4.4)
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If ðBþ
0

;Cþ
0

Þ
0 has the form of (4.3), then

BþI

0

Cþi
0

26664
37775 ¼

BI BI

0 BE

Ci Ci

0 Ce

266664
377775 Hnn

Hkn

" #
¼

BIHnn þ BIHkn

BEHkn

CiHnn þ CiHkn

CeHkn

266664
377775; (4.5)

in particular

0

0

� �
¼

BE

Ce

" #
Hkn, (4.6)

which implies Hkn ¼ 0. Then

BþI

Cþi

" #
¼

BI

Ci

" #
Hnn. (4.7)

Since ðB0;C0Þ is identified, Hnn is diagonal.
Let P ðK � GÞ be partitioned into K i and Ke rows and GI and GE columns as

P ¼
PiI PiE

PeI PeE

" #
. (4.8)

Then PB ¼ C is

PiI PiE

PeI PeE

" #
BI BI

0 BE

" #
¼

PiIBI PiIBI þPiEBE

PeIBI PeIBI þPeEBE

" #
¼

Ci Ci

0 Ce

" #
. (4.9)

The lower left-hand submatrix in (4.9) is

PeIBI ¼ 0. (4.10)

If P is known and rank PeI ¼ GI � n ¼ k, then (4.10) can be solved for a matrix BI

of rank n. Then C is determined from the upper left-hand submatrix in (4.9), that is,
PiIBI ¼ Ci.

This equation (4.10) is of the form of (1.3) with B replaced by BI and P by
PeI. Any solution of (4.10) can be multiplied on the right by a nonsingular
matrix Hnn ðn� nÞ to give another BþI satisfying (4.10) and another Cþi ¼ PiIB

þ
I .

To eliminate this indeterminateness n� 1 0’s must be specified in each column of
ðB0I;C

0
iÞ
0; the submatrix of ðB0I;C

0
iÞ
0 obtained by deleting this column and the rows

with specified 0’s must have rank n� 1. Then Hnn must be diagonal. We say that
each row of ðB0I;C

0
iÞ is just-identified within the block ðB0I;C

0
iÞ.

We now show how the inference in Section 3 can be used for LIML and TSLS
estimation of ðBI;CiÞ. The block of equations is

YIBI ¼ ZiCi þUI, (4.11)
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where Y ¼ ðYI;YEÞ, Z ¼ ðZi;ZeÞ, and U ¼ ðUI;UEÞ. The relevant part of the reduced
form is

YI ¼ ZiPiI þ ZePeI þ VI, (4.12)

where VI ¼ ðvI1; . . . ; vITÞ
0 is T � p with EvItv

0
It ¼ XII. The predetermined variables Z

will be assumed exogenous and nonstochastic. The second-order sample moments of
Y are partitioned as

Myy ¼
MII MIE

MEI MEE

" #
¼

1

T

XT

t¼1

yIty
0
It yIty

0
Et

yEty
0
It yEty

0
Et

" #
¼

1

T

Y0I

Y0E

" #
½YI;YE�. (4.13)

The matrices Myz and Mzz are partitioned similarly. It is convenient to transform the
predetermined variables so that the (block) excluded variables are uncorrelated with
the (block) included variables. Let

Z? ¼ Ze � ZiðZ
0
iZiÞ
�1Z0iZe (4.14)

(the residuals from the regression of the zet’s on the zit’s). Then the z?t’s are
uncorrelated with the zit’s:

M?i ¼
1

T
Z0?Zi ¼ 0; M?? ¼

1

T
Z0?Z? ¼Mee �MeiM

�1
ii Mie. (4.15)

The reduced form (4.12) is written as

YI ¼ ZiPiI þ ½Z? þ ZiðZ
0
iZiÞ
�1Z0iZe�PeI þ VI

¼ Zi½PiI þ ðZ
0
iZiÞ
�1Z0iZePei� þ Z?PeI þ VI

¼ ZiPiI þ Z?PeI þ VI, ð4:16Þ

where PiI ¼ PiI þM�1ii MiePeI. (Note that PiIBI ¼ Ci because of (4.10).) The
regression of yIt on ðz

0
it; z
0
?tÞ
0 gives the sample regression coefficients

PiI

PeI

" #
¼

M�1ii MiI

M�1??M?I

" #
¼

ðZ0iZiÞ
�1Z0iYI

ðZ0?Z?Þ
�1Z0?YI

" #
, (4.17)

where M?I ¼ ð1=TÞZ0?YI. An estimator of EvItv
0
It ¼ XII is

WII ¼MII � P
0

iIMiiPiI � P0eIM??PeI. (4.18)

Let l14 � � �4lGI
be the roots of

jP0eIM??PeI � lWIIj ¼ 0, (4.19)

and let bj be a solution of

ðP0eIM??PeI � ljWIIÞb ¼ 0; b0WIIb ¼ 1; j ¼ 1; . . . ;GI. (4.20)

Then eBI ¼ ðbkþ1; . . . ; bGI
Þ (4.21)

and PiI
eBI ¼ eCi form a maximum likelihood estimator of BI and Ci. However, a

maximum likelihood estimator of ðBI;CiÞ satisfying the 0 conditions is desired.
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Suppose the 0 conditions on the jth column are b‘j ¼ 0 and gmj ¼ 0 for n� 1 values
of ‘ and m, and suppose that the normalization of the jth column is bLj ¼ 1 for some
L. Then transform eBI and eCi by H the jth column of which is determined byXn

g¼1

ebLghgj ¼ 1;
Xn

g¼1

eb‘ghgj ¼ 0;
Xn

f¼1

egmf hfj ¼ 0 (4.22)

for the appropriate ‘ and m.
The block TSLS estimator of ðBI;CiÞ is based on initially estimating BI in the form

(2.12). Let PeI be partitioned into n and k columns ðPe1;Pe2Þ. TheneATS
¼ ðP0e2M??Pe2Þ

�1P0e2M??Pe1 (4.23)

is the TSLS estimator of A;

In

�eATS

" #
(4.24)

is a TSLS estimator of BI; and PiIðIn;�eATS0

Þ
0
¼ eCTS

i is a TSLS estimator of Ci. A
block TSLS estimator of ðBI;CiÞ satisfying the identification conditions is obtained
from (4.22).

The asymptotic distribution of bATS
follows from Theorem 1.

Theorem 2. Under the conditions of Lemma 1ffiffiffiffi
T
p

vec ðbATS
� AÞ!

d
N½0;Rnn � ðP

0
e2M

0
??Pe2Þ

�1
�, (4.25)

where Rnn ¼ B0IXIIBI.

Corollary 2. Under the conditions of Lemma 1
ffiffiffiffi
T
p

vec ðbA� AÞ!
d

N½0;Rnn�

ðP0e2M
00
??Pe2Þ

�1
�.

The LIML estimator of A has the same asymptotic distribution as the TSLS
estimator.
Table of Notation
Section2
 Section4
P ðq� pÞ
 PeI ðKe � GIÞ
rank P ¼ k
 rank PeI ¼ k
B ðp� nÞ
 BI ðGI � nÞ
rank B ¼ n ¼ p� k
 rank BI ¼ n ¼ GI � k
PB ¼ 0
 PeIBI ¼ 0
The use of maximum likelihood for reduced rank regression in estimating
coefficients in SEM’s was suggested by Anderson (1951), and confidence regions for
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the coefficients were developed. Hannan (1967) repeated some of Anderson’s
derivation of maximum likelihood estimates. See also Chow et al. (1967).
5. Comparison of estimators

5.1. The just-identification in BI

We shall compare estimating the first equation by LIML and estimating it as one
of n equations in a block. The block may be over-identified relative to the entire
SEM and just-identified within the block.

Suppose the first column of BI , b1 ¼ ðb11; . . . ;bGI1Þ
0, has n� 1 specified 0’s

(GI � nþ 1 ¼ G�I nonzero elements). Number the columns of Y so that the first
column of BI and YI are

b1 ¼ ð1; 0; . . . ; 0;bnþ1;1; . . . ;bGI1Þ
0
¼ ð1; 0;b01IÞ ¼ ð1;b

0
1E;b

0
1IÞ
0, (5.1)

YI ¼ ðy1;Y1E;Y1IÞ, (5.2)

respectively. The first column of Ci (that is, c1) has no specified 0. The first equation,
YIb1 ¼ Zic1 þ u1, is

y1 þ Y1Ib1I ¼ Zic1 þ u1. (5.3)

Partition PeI into 1, n� 1, and GI � n columns as PeI ¼ ðpe1;Pe1E;Pe1IÞ and WII into
1, n� 1, and GI � n rows and columns

WII ¼

w11 w1;1E w1;1I

w1E;1 W1E;1E W1E;1I

W1I;1 w1I;1E W1I;1I

264
375. (5.4)

To define the single-equation LIML estimator of b1 let l14 � � �4lG�I
be the roots of

p0e1

P0e1I

 !
M??ðpe1;Pe1IÞ � l

w11 w1;1I

w1I;1 W1I;1I

 !�����
����� ¼ 0. (5.5)

Let bj be the solution to

p0e1

P0e1I

 !
M??ðpe1;Pe1IÞ � lj

w11 w1;1I

w1I;1 W1I;1I

 !" #
b ¼ 0 (5.6)

and

b0
w11 w1;1I

w1I;1 W1I;1I

 !
b ¼ 1, (5.7)

j ¼ 1; . . . ;G�I . Write bG�I
¼ ðb1; b

0
1IÞ
0. Then the single-equation LIML estimator of b1I

is ð1=b1Þb1I. The estimator of ci is ð1=b1Þðpi1;Pi1IÞbG�I
.
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On the other hand, a LIML estimator of the block without the just-identification
is eBI, defined by (4.21). To calculate the estimate of the coefficients of the first
identified equation in the block find h1 ¼ ðh11; . . . ; hn1Þ

0 from

Xn

g¼1

~b1ghg1 ¼ 1;
Xn

g¼1

~b‘ghg1 ¼ 0; ‘ ¼ 2; . . . ; n. (5.8)

If eBI ¼ ðeB01; eB02Þ0, where eB1 is n� n, then h1 is the first column of eB�11 . Note that the
first column of eBI without the specified 0’s is different from bG�I

, the single-equation
LIML estimator. See Appendix A.

A single-equation TSLS estimator of b1I is

�ðP0e1IM??Pe1IÞ
�1P0e1IM??pe1. (5.9)

A block-equation TSLS estimator of BI in the form of (3.17) is ðI;�bATS0

Þ
0 where

bATS
¼ ðP0e1IM??Pe1IÞ

�1P01IeM??PeI. (5.10)

The single-equation TSLS estimator (5.9) is the first column of the block-equation
TSLS estimator (5.10). The notation here was selected so that the first n components
of b1 agreed with the first n components in the first column of ðIn;�A

0
Þ
0. This

correspondence facilitates comparison of the single-equation TSLS estimator with
the block-equation TSLS estimator. However, even in this situation, the single-
equation LIML estimator may be different from the block-equation LIML
estimator.
5.2. The just-identification in Ci

Suppose the first column of Ci; c1 ¼ ðg11; . . . ; gK i1
Þ
0, has n� 1 specified 0’s. Number

the columns of Z so that the first column of Ci and Zi are

c1 ¼ ðg11; . . . ; gK�i 1
; 0; . . . ; 0Þ0 ¼ ðc01i; 0Þ ¼ ðc

0
1i; c
0
1eÞ
0, (5.11)

Zi ¼ ðZ1i;Z1eÞ, (5.12)

where K�i ¼ K i � nþ 1. Number the columns of Y so that b11 ¼ 1; none of the other
GI � 1 components of b1 is specified 0. The first equation, YIb1 ¼ Zic1 þ u1, is

y1 þ Y1Ib1I ¼ Z1ic1i þ u1, (5.13)

where b1 ¼ ð1;b
0
1IÞ
0 and YI ¼ ðy1;Y1IÞ. The exogenous variables excluded from the

first equation are ðZ1e;ZeÞ. The corresponding part of the reduced form is

YI ¼ Z1iP1i;I þ ðZ1e;ZeÞ
P1e;I

PeI

 !
þ VI. (5.14)
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Let P be partitioned into K1i, K1e, and Ke rows and GI and GE columns

P ¼

P1i;I P1i;E

P1e;I P1e;E

PeI PeE

264
375. (5.15)

Then

P1e;I

PeI

" #
b1 ¼ 0. (5.16)

Let

Z�? ¼ ðZ1e;ZeÞ � Z1iðZ
0
1iZ1iÞ

�1Z01iðZ1e;ZeÞ, (5.17)

P1i;I ¼ P1i;I þ ðZ
0
1iZ1iÞ

�1Z01iðZ1e;ZeÞ
P1e;I

PeI

 !
. (5.18)

Then the reduced form (5.14) is

YI ¼ Z1iP1i;I þ Z�?

P1e;I

PeI

 !
þ VI, (5.19)

and Z01iZ
�
? ¼ 0. Define

P1i;I

P1e;I

PeI

 !26664
37775 ¼ ðZ01iZ1iÞ

�1Z01iYI

ðZ�
0

?Z
�
?Þ
�1Z�

0

?YI

" #
. (5.20)

Another form of the estimator WII is

WII ¼MII � P
0

1i;I

1

T
Z01iZ1iP1i;I � ðP

0
1e;I;P

0
eIÞ

1

T
Z�
0

?Z
�
?

P1e;I

PeI

" #
. (5.21)

Let l14 � � �4lGI
be the roots of

ðP01e;I;P
0
eIÞ

1

T
Z�
0

?Z
�
?

P1e;I

PeI

 !
� lWII

�����
����� ¼ 0. (5.22)

Let bj be the solution to

ðP01e;I;P
0
eIÞ

1

T
Z�
0

?Z
�
?

P1e;I

Pe;I

 !
� ljWII

" #
b ¼ 0 (5.23)

and b0WIIb ¼ 1, j ¼ 1; . . . ;GI. Write bGI
¼ ðb1; b

0
1IÞ
0. The single-equation LIML

estimator of b1 is ð1=b1ÞbGI
.

The block LIML estimator of BI without the just-identification is eBI

defined by (4.21). To calculate the just-identified equation in the block find
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h1 ¼ ðh11; . . . ; hn1Þ
0 from

Xn

g¼1

eb1ghg1 ¼ 1;
Xn

g¼1

eg‘ghg1 ¼ 0; ‘ ¼ 1; . . . ; n� 1. (5.24)

The linear combination eBIh1 does not satisfy (5.23); that is, the identified block
LIML estimator of b1I is not the single-equation LIML estimator.

5.3. An instrumental variables approach

Write the block of equations (4.11) as

YIBI � ZiCi ¼ UI. (5.25)

Then

ðZ0ZÞ�1Z0ðYI;ZiÞ
BI

�Ci

" #
¼M�1zz ðMzIBI �MziCiÞ ¼M�1zz

1

T
Z0UI!

p
0. (5.26)

Since

M�1zz MzI ¼
PiI

PeI

" #
!

p PiI

PeI

" #
, (5.27)

M�1zz Mzi ¼
IK i

0

� �
, (5.28)

the probability limit of (5.26) is

PiI IK i

PeI 0

" #
BI

�Ci

" #
¼

PiIBI � Ci

PeIBI

" #
¼ 0. (5.29)

If ðP0iI;P
0
eIÞ is given, (5.29) can be solved for BI and Ci, but there is the indeterminacy

of multiplication of the solution on the right by a nonsingular n� n matrix. The
indeterminacy can be eliminated by requiring that the n� n matrix consisting of
some n rows of ðB0I;�C0iÞ

0 constitute In. The requirement is a special case of
eliminating the indeterminacy by requiring the just-identification of n equations as
specified in Section 4.

A consistent estimator of ðB0I;C
0
iÞ
0 is obtained by a two-stage procedure, first

setting to 0 some GI þ K i � n rows of

M�1zz ½MzI;Mzi�
bBI

�bCi

" #
¼

PiI IK i

PeI 0

" # bBI

�bCi

" #
. (5.30)
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If that set of equations is the last GI � nþ ki equations and bB ¼ ðIn;�bA0Þ0, the
equations are

0 ¼
P0i2 P0e2

IK i
0

" #
Mzz

Pi1 Pi2 IK i

Pe1 Pe2 0

" # In

�bA
�bCi

2664
3775

¼
P0i2 P0e2

IK i
0

" #
Mzz

Pi1

Pe1

" #
�

P0i2 P0e2

IK i
0

" #
Mzz

Pi2 IK i

Pe2 0

" # bAbC0i
24 35. ð5:31Þ

The block TSLS estimator of A and Ci isbAT

bCT

i

24 35 ¼ P0i2 P0e2

IK i
0

" #
Mzz

Pi2 IK i

Pe2 0

" #( )�1
P0i2 P0e2

IK i
0

" #
Mzz

Pi1

Pe1

" #
. (5.32)

Suppose the normalization condition for the jth column of ðB0I;C
0
iÞ
0 is bLj ¼ 1 for a

particular L and the jth row is just-identified by b‘j ¼ 0 and gmj ¼ 0 for n� 1
specified indices ‘ and m, then the jth column of the transformation matrix Hnn is the
solution of (4.22).

Estimator (5.32) of A and Ci is identical to (4.23) and PiIðIn;�bATS0

Þ
0
¼ bCTS

i . From
(5.32) we derive

ffiffiffiffi
T
p

vec
bATS
� AbCTS

i � Ci

24 35!d N
0

0

� �
;Rnn �

P0i2 P0e2
IK i

0

 !
M0

zz

Pi2 IK i

Pe2 0

 !" #�18<:
9=;.

(5.33)

5.4. Just-identification in both BI and Ci

Now consider just-identification that involves both BI and Ci. Suppose the
components of yIt and zit are numbered so that the first row of ðB0I;C

0
iÞ is

ðb01; c
0
1Þ ¼ b11; . . . ;bG�I�1;1

zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{G�I�1

; 1
1

0; . . . ; 0
zfflfflfflffl}|fflfflfflffl{m

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
GI

; 0; . . . ; 0;
zfflfflfflffl}|fflfflfflffl{n�m�1

gn�m;1; . . . ; g1K i;1

zfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflffl{K�i

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
K i

0B@
1CA

¼ ðb01I; 1; 0; 0; c
0
1iÞ, ð5:34Þ

where G�I ¼ GI �m and K�i ¼ K i � ðn�m� 1Þ are the numbers of endogenous and
exogenous variables in the first equation. The number of specified 0’s in b1 and c1 is
n� 1.

The single-equation TSLS estimator of the coefficients of the first equation is
based on the following:

Included yt’s : ðy1t; . . . ; yG�I tÞ ¼ ðy
0
1I;t; yG�I tÞ,

Excluded yt’s : ðyG�Iþ1;t
; . . . ; yGtÞ ¼ ðy

0
1E;t; y

0
E;tÞ,



ARTICLE IN PRESS

T.W. Anderson / Journal of Econometrics 135 (2006) 55–7670
Included zt’s : ðzn�m;t; . . . ; zK itÞ ¼ z01i;t,

Excluded zt’s : ðz1t; . . . ; zn�m�1;t; zK iþ1;t; . . . ; zKtÞ ¼ ðz
0
1e;t; z

0
etÞ. ð5:35Þ

Note that ðz01e;t; z
0
etÞ includes zt’s included in the block but excluded from the first

equation. The first equation is

yG�I
¼ �Y1Ib1I þ Z1ic1i þ u1�. (5.36)

The single-equation TSLS estimator of ðb01I; c
0
1iÞ is

�Y01IZ

Z01iZ

" #
ðZ0ZÞ�1ð�Z0Y1I;Z

0Z1iÞ

( )�1
�Y01IZ

Z01iZ

" #
ðZ0ZÞ�1Z0ym. (5.37)

Now we turn to the block TSLS estimator of BI and Ci. Let

BI

Ci

" #
¼

B1I

C

C1i

264
375, (5.38)

where B1I has G�I � 1 rows, C has n rows, and C1i has K�i rows. Define

B�1I

In

C�1i

264
375 ¼ BI

Ci

" #
C�1 ¼

B1IC
�1

In

C1iC
�1

264
375. (5.39)

The block of equations can be written

ðyG�I
;Y1E;�Z1eÞ ¼ ð�Y1I;Z1iÞ

B�1I

C�1i

" #
þU�I , (5.40)

where U�I ¼ UIC
�1.

In place of (5.31) we have

M1Iz

�M1iz

" #
M�1zz ½Mz1I; ðMzG�I

;Mz1E;�Mz1eÞ;�Mz1i�

B�1I

In

C�1i

264
375 ¼ 0. (5.41)

The TSLS estimator of ðB�
0

1I;C
�0

1iÞ
0 isbB�IbC�i

24 35 ¼ M1Iz

M1iz

" #
M�1zz ðMz1I;�Mz1iÞ

( )�1
M1Iz

M1iz

" #
M�1zz ð�MzG�I

;�Mz1E;Mz1eÞ.

(5.42)

The single-equation TSLS estimator of the coefficients of the first component
equation is the first column of the block TSLS estimator.

As pointed out in Section 5.3 the set of block TSLS estimators is determined
by the selection of GI þ K i � n rows of (5.30) set to 0. The indeterminacy of
multiplication on the right by a nonsingular n� n matrix can be removed to
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requiring some n rows of ðB0I;C
0
iÞ
0 to constitute In. Here those rows correspond to the

1 and 0’s in ðb01; c
0
1Þ
0.
6. Some examples
Example 1. Consider the model for G ¼ 3 and K ¼ 3

B

C

� �
¼

1 0 0

0 1 0

f c 1

0 0 d

0 0 t

0 0 y

2666666666664

3777777777775
, (6.1)

yt ¼ ðy1t; y2t; y3tÞ
0, zt ¼ ðz1t; z2t; z3tÞ

0. The first equation is

y1 þ y3f ¼ u1. (6.2)

Then if n ¼ 1 bI ¼ ð1;fÞ
0, bE ¼ 0, ce ¼ ð0; 0; 0Þ

0, and ci is vacuous. The relevant part
of P ð3� 3Þ is

p11 p13

p21 p23

p31 p33

264
375 ¼ ðpe1; pe3Þ; (6.3)

the TSLS estimator of f is

�
p0e3Mzzpe1

p0e3Mzzp
0
e3

; (6.4)

and the asymptotic variance of the estimator of f is

s11 ðp13;p23; p33ÞM
0
zz

p13
p23
p33

0B@
1CA

264
375
�1

. (6.5)

If n ¼ 2

BI ¼

1 0

0 1

f c

264
375; Ce ¼

0 0

0 0

� �
. (6.6)



ARTICLE IN PRESS

T.W. Anderson / Journal of Econometrics 135 (2006) 55–7672
and BE and Ci are vacuous. Partition P as

p11 p12 p31

p21 p22 p32

p31 p32 p33

264
375 ¼ ðpe1; pe2; pe3Þ ¼ P. (6.7)

The TSLS estimator of ðf;cÞ ¼ A is

�
1

p0e3Mzzpe3
p0e3Mzzðpe1; pe2Þ. (6.8)

The asymptotic covariance matrix is

R22 � ðp13; p23ÞM0
zz

p13
p23

 !" #�1
. (6.9)

Note that the TSLS estimator of f based on the first equation alone is one
component of the TSLS estimator of ðf;cÞ based on two equations.

The estimator of X is W ¼ 1
T
ðMyy � P0MzzPÞ. For n ¼ 1 define l14l2 as the

roots of

p0e1

p0e3

 !
Mzzðpe1; pe3Þ � l

w11 w13

w31 w33

 !�����
����� ¼ 0 (6.10)

and b2 as the solution to

p0e1

p0e3

 !
Mzzðpe1; pe3Þ � l2

w11 w13

w31 w33

 !" #
b12

b32

 !
¼ 0 (6.11)

and b02W
0b2 ¼ 1. The LIML estimator of f is �b32=b12.

To define the LIML estimator of ðf;cÞ0 for n ¼ 2 solve

jPMzzP
0 � lWj ¼ 0 (6.12)

for l14l24l3 and

ðPMP0 � liWÞb ¼ 0; b0Wb ¼ 1 (6.13)

for bi, i ¼ 1; 2; 3. Let

eB ¼ ðb2; b3Þ ¼ eB1eB2

 !
. (6.14)

Then

eBeB�11 ¼
I2eB2
eB�11

" #
(6.15)

is the LIML estimator of ðI2;�A
0
Þ
0. The LIML estimator of f for n ¼ 1 is not a

component of the LIML estimator for n ¼ 2.
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Example 2. Let

B

C

� �
¼

1 m 0

f 1 0

0 0 y

a 0 k

0 r d

0 0 t

0 0 n

266666666666664

377777777777775
, (6.16)

yt ¼ ðy1t; y2t; y3tÞ
0, zt ¼ ðz1t; z2t; z3t; z4tÞ

0. The first equation is

y1 þ y2f ¼ z1aþ u1. (6.17)

If n ¼ 1, b0I ¼ ð1;fÞ, b0E ¼ 0, c0i ¼ a, c0e ¼ ð0; 0; 0Þ; the relevant part of P ð4� 3Þ is

p21 p22

p31 p32

p41 p42

264
375 ¼ ðpe1; pe2Þ. (6.18)

Let Mzz ¼ ðmijÞ. Assume that m12 ¼ m13 ¼ m14 ¼ 0 (for convenience). The TSLS
estimator of f is

�

p22 p32 p42

� 	 m22 m23 m24

m32 m33 m34

m42 m43 m44

0B@
1CA p21

p31

p41

0B@
1CA

p22 p32 p42

� 	 m22 m23 m24

m32 m33 m34

m42 m43 m44

0B@
1CA p22

p32

p42

0B@
1CA

. (6.19)

If n ¼ 2

BI ¼
1 m

f 1

" #
; BE ¼ ð0; 0Þ; Ci ¼

a 0

0 r

" #
; Ce ¼

0 0

0 0

� �
. (6.20)

The block of equations is

ðy1; y2ÞÞ
1 m

f 1

" #
¼ ðz1; z2Þ

a 0

0 r

" #
þ ðu1; u2Þ. (6.21)

A part of the reduced form is

ðy1; y2Þ ¼ ðz1; z2Þ
a �am

�fr r

" #
1

1� mf
þ ðv1; v2Þ. (6.22)
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The least squares (LS) estimator of the coefficient matrix in (6.22) is

1

1� bmbf
ba �babm
�bfbr br
" #

¼
p11 p12

p21 p22

" #
. (6.23)

Thus

ba ¼ p11 �
p12p21

p22

; br ¼ p22 �
p12p21

p11

; bf ¼ � p12

p22

; bm ¼ � p21

p11

. (6.24)

These estimators are LIML as well as TSLS.
7. Confidence regions and tests

When V in (1.1) or U in (4.1) is normally distributed, exact confidence regions for
B or BI can be constructed. For B satisfying (1.3) B0P0MzzPB and B0WB

are independently distributed according to Wishart distributions W nðB
0XB; kÞ and

W nðB
0XB;T � kÞ, respectively. Then

jB0WBj

jB0P0MzzPBþ B0WBj
¼ Un;k;T�k (7.1)

has the distribution of the criterion U, where n is the dimensionality, k is the number
of columns of PB and T � k is the number of degrees of freedom of W. See Section
8.4 of Anderson (2003). This criterion is a monotonically increasing function of the
likelihood ratio criterion for testing the null hypothesis that PB ¼ 0. Table B.1 of
Anderson (2003) provides significance points.

A confidence region for BI consists of GI � n matrices B�I such that

jB�
0

I WIIB
�
I j

jB�
0

I P
0
eIMeePeIB

�
I þ B�

0

I WIIB
�
I j
XUn;Ke;T�K ð�Þ. (7.2)

Since the statistic in (7.2) is invariant with respect to multiplication of B�I on the right
by an n� n matrix, we normalize and identify B�I by b�Lj ¼ 1, b�‘j ¼ 0, j ¼ 1; . . . ; n.

As an example, let n ¼ 2 and GI ¼ 4. Normalize and identify BI by b11 ¼ b22 ¼ 1
and b12 ¼ b21 ¼ 0. Then

BI ¼

1 0

0 1

b31 b32
b41 b42

266664
377775. (7.3)

Then (7.2) provides a confidence region for b31, b32, b41, and b42.
The likelihood ratio criterion to test H0 : B ¼ B�, where B� is completely specified,

is the left-hand side of (7.2). H0 is rejected if the criterion is less than the significance
point.
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Other confidence regions and tests can be constructed by using other criteria for
the multivariate linear hypothesis. See Anderson (2003, Section 8.6).
Appendix A. Example for Section 5.1

Let

E ¼
A c

c0 d

� �
(A.1)

be a positive definite matrix of order p. Let the roots of jA� lIp�1j ¼ 0 be
l14 � � �4lp�1 and the roots of jE� nIpj ¼ 0 be n14 � � �4np. Let b satisfy

Ab ¼ lp�1b, (A.2)

and let f j satisfy

Ef j ¼
A c

c0 d

� � f1j

f pj

" #
¼ njf j ; j ¼ 1; . . . ; p. (A.3)

Is there a linear combination h ¼ kp�1fp�1 þ kpfp such that for some ka0

k
b

0

� �
¼ h ¼ kp�1

f1;p�1

f p;p�1

" #
þ kp

f1p

f pp

" #
¼

kp�1f1;p�1 þ kpf1p

kp�1f p;p�1 þ kpf pp

" #
? (A.4)

If so, then the last component of (A.4) implies kp�1f p;p�1 þ kpf pp ¼ 0 and
kbpkp�1f1;p�1 þ kpf1p. From (A.3) we derive

Eh ¼
A c

c0 d

" #
kp�1f1;p�1 þ kpf1p

0

" #
¼

Aðkp�1f1;p�1 þ kpf1pÞ

c0ðkp�1f1;p�1 þ kpf1pÞ

" #

¼ kp�1np�1fp�1 þ kpnpfp ¼

kp�1np�1f1;p�1 þ kpnpf1p

kp�1np�1f p;p�1 þ kpnpf pp

" #
. ðA:5Þ

That is,

Aðkp�1f1;p�1 þ kpf1pÞ ¼ kp�1np�1f1;p�1 þ kpnpf1p. (A.6)

However, if (A.4) holds, (A.6) is lp�1ðkp�1f1;p�1 þ kpf1pÞ, which is impossible since
f1;p�1 and f1p are linearly independent.

As an example for Section 5.1, let p ¼ GI, n ¼ 2, A be the effect matrix in (5.5),
and E the effect matrix in (4.18). This shows that the identified block LIML
estimator of an equation is not necessarily the same as the single-equation LIML
estimator.
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