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Abstract

Reduced rank regression analysis provides maximum likelihood estimators of a matrix of
regression coefficients of specified rank and of corresponding linear restrictions on such
matrices. These estimators depend on the eigenvectors of an “effect”” matrix in the metric of an
error covariance matrix. In this paper it is shown that the maximum likelihood estimator of
the restrictions can be approximated by a function of the effect matrix alone. The procedures
are applied to a block of simultaneous equations. The block may be over-identified in the
entire model and the individual equations just-identified within the block. The procedures are
generalizations of the limited information maximum likelihood and two-stage least squares
estimators.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

A simultaneous equation model (SEM) relates a set of endogenous or dependent
variables to a set of exogenous or independent or predetermined variables with
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unobserved random or error variables. In contrast to many statistical studies the
interest in SEM’s is in linear restrictions on the regression of the dependent variables
on the independent variables. In order to have nontrivial linear restrictions on the
regression coefficients the regression matrix has to be of reduced rank. Reduced rank
regression (RRR) and linear restrictions on regression matrices are two aspects of
the one consideration.
A multivariate regression model is
Y=7Z II+V, (1.1)
Txp Txq gxp  Txp
where the dependent matrix Y is 7" x p, the independent matrix Z is T x ¢, and the
unobservable disturbance matrix V = (vi,...,v7) is T x p. Let &v, =0, &v,v, = Q,
and &v,v, = 0, t#s [for example, Anderson (2003, Chapter 8)].
If rank (IT) = k<p, g, the matrix IT can be written

= GC, (1.2)

where G (¢ x k) and C (k x p) are suitable matrices of rank k. Alternatively the rank
condition on IT can be expressed as

B =0 (1.3)

for suitable B (p x n) of rank n, where n = p — k.

Inference concerning IT of rank k and Q based on a sample (Y, Z) was developed
by Anderson (1951). In particular the maximum likelihood estimators of G, C, B and
Q were derived for the model of vy, ..., vy being independently normally distributed.
Later this analysis was called reduced rank regression (Izenman, 1975).

The case of one linear restriction was treated by Anderson and Rubin (1949,
1950). The present paper gives generalizations to several linear restrictions.
Anderson and Rubin derived the asymptotic distribution of a maximum likelihood
estimator of a linear restriction [the so-called limited information maximum
likelihood (LIML) estimator] by finding the asymptotic distribution of the
approximating simpler estimator [later termed the two-stage least squares (TSLS)
estimator] [see Anderson (2005)]. These results are generalized here to the case of
several restrictions.

2. Reduced rank regression

Denote a sample of T observations by (y;,zi),...,(y7r,zr). Define Y =

(¥y,-..,y7) and Z = (zy,...,z7)". The second-order sample moments are
1 1 1
M, ==YY, M,.==-YZ M,.=-717. 2.1
04 T B 924 T > ZZ T ( )

Because the interest is in the relations between y, and z,, we treat these variables
as if the means are 0. The maximum likelihood estimators of IT and ©Q when the
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rank of IT is unrestricted are
P=M_M, =(Z22)"'7Y,
1
W=M,, - PM_.P= T(Y’Y —YZZ'Z)'7Y). (2.2)

The maximum likelihood estimators when the rank of IT is restricted involves the
eigenvalues and eigenvectors of PPM_.P = %Y/Z(Z’Z)_IZ’Y in the metric of W. Let
41> -+ >4, be the roots of

[P’M..P — AW| =0, (2.3)
and let b; be the solution to

P'M..P—-2Whb=0, bWb=1, i=1,...,p. (2.4)
Define

F=(by,....bo), B=(besr,....h,). (2.5)

The maximum likelihood estimator of IT of rank k is
M, = GC, (2.6)

yheje G = PF and C = F'W. A maximum likelihood estimator of B is B. Note that
II;B = 0. An estimator of B equivalent to B is BO,, where O, is any orthogonal
matrix of order n.

The matrix B satisfies

P'M..PB = WBA,, (2.7)

BWB=1,, 2.8)
where A, is the diagonal matrix with diagonal elements /y1,...,4,. The matrix
X = BO,, satisfies

P'M..PX = WX(O/A,0,) (2.9)

and (2.8) with B replaced by X; the matrix O),A,, O, has eigenvalues x4, ...,4,. The
matrix X = BN,,, where N,, is any nonsingular matrix of order n, satisfies

P'ML.PX = WX(N; 'A,N,), (2.10)
but not

X'WX = I, (2.11)
Note that N;IAHN,, has the eigenvalues i1, ...,4,.

Any matrix B of rank »n satisfying IIB = 0 can be multiplied on the right by an
arbitrary nonsingular matrix of order n to obtain another matrix satisfying IIB = 0.
One way of eliminating this indeterminacy is requiring some 7 X n submatrix of
B to be an assigned matrix. Suppose the rows of B are ordered so that B = (B, B))’
with B; square and nonsingular. Then BBI_l = (In,B/{lB’z)’. Thus we can require
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B to have the form

I,
B= . 2.12
M 1)
Correspondingly, let IT = (IT;,I1;). Then
II‘I
0=HB=(H1,H2)< A) =H1—H2A; (213)
that is, IT; = I A, and
I =ILx(A, Ix) = GC. (2.14)
The (unigue) maximum likelihood estimator of A is A= —Ezﬁl_l, where

B=(B,,B,).

3. An approximation to the maximum likelihood estimator

Now we shall find an approximation to the maximum likelihood estimator A that
has the same asymptotic distribution. The outline of this development is similar
to the use of the TSLS estimator as an approximation to the LIML estimator
by Anderson and Rubin (1950). See also Anderson (2003, Section 12.7). Let
vec(ay,...,a,) = (a},...,a)), and let (A ® B) = (a;B) be the Kronecker product of
A and B.

Lemma 1. Assume conditions on {z,} and {v,} such that

T
M.. = % Z 7,7, — M", nonsingular, (3.1)
=1
| I (3.2)
VT vee (P — IT) = vec P* 5 N[0,Q @ (M%)7], (3.3)
P
wo o (3.4)
Then
V4
VT Y 250, (3.5)
i=k+1

Proof. Since b)Wh; = 1, b;Wb; = 0, i#/, bjP'M..Pb; = 4;, and b}P'M_.Pb; = 0, i/,

P )4 ~ ~
>~ 4= bP'M..Pb; = tr BP'M..PB, (3.6)
i=k+1 i=k+1

BWB =1, (3.7)
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For C (p x n)
r
> 4= min trCPM..PC. (3.8)
i=k+1 c'we=l,

This follows from the minimum-maximum properties of eigenvalues. For given
Aiflsees0p

min  XP'M..Px</, (3.9)

I —
%x=0

Jj=i+tl,..p
further

min X' P'M..Px = /.. (3.10)

bij:O

Since IT has rank k, there is a matrix B (p x n) of rank » such that IB = 0 and
B'QB =1,. Then

)4
Z J;<trB'P'M..PB

i=k+1
=trB (r[’ +%P*’>MU (n + %P*)B
— w. (3.11)
Assumptions (3.1) and (3.3) imply that
B'P*M..P*B-> W(B'QB, ), (3.12)

where W(B'QB, ¢q) denotes the Wishart distribution with covariance matrix B'QB
and ¢ degrees of freedom. Then for B such that BQB =1I,, BWB A I,
s d
tr BP* M. P*B — Xsn’ (3.13)
and (3.5) follows. [

Since 7;>0, (3.5) implies that /74 — 0, i=k+1,...,p. Consequences of
Lemma 1 are that W = 0,(1/+/T), ,;Wb; = o,(1/+/T), and PM..Pb; = 0,(1//T),
i=k+1,...,p. The last can be summarized as

P'M..PB = o,(1/v/T). (3.14)
This fact suggests that B can be approximated by a solution to
(P’M_.P),B =0, (3.15)

where (), denotes () with the first n rows deleted. The k x p matrix (P'M_.P),,.
could be replaced by a k x p matrix consisting of any k rows of P'M_.P.
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Let P = (P, P;) where P| has n columns and P, has k columns. Then (3.15) is
I
0 = P,M_.(P,,P,) [ _;J = P,M_.P; — P,M_.P,A. (3.16)

The solution for A is

AT = (ML) PP, = [YSZ(Z'Z) 2o YSZ(Z 2 ZY), (317)

where Y = (Y}, Y3). This is the TSLS estimator of A. (The superscript TS denotes
“two-stage.”)

Theorem 1. Under the conditions of Lemma 1

VT vec (KTS AL N0, ® (ML,M IT,) ], (3.18)
where

¥, = B'QB. (3.19)
Proof.

~TS

A7 — A= (P,M..Py) " (PYM..P| — P;M..P>A)
= (P/ZMZZP2)_1P/2MZZPB
= (P,M_.P,)"'P,M_,B

/ — / 1 a /
= (P,M..P,) IPZ? >z, (3.20)
=1
where u, = B'v, with fu, = 0 and fuu, =BQB=X,,. O
Corollary 1. Under the conditions of Lemma 1
VT vec(A — A)-> N[0, 5, ® I,MOI1,) 7. (3.21)
Proof. From (3.14) and B = (I,,, —K/)’ we find
1 ~
op[ —= | = P.M..(P; — P,A
p (ﬁ) 2 ( 1 2 )
= P,M..[P| — P,A — Py(A — A)]
— P,M..Py(A' — A)— P)M..P,(A — A) (3.22)

by the first line of (3.20). Then the corollary follows from Theorem 1. [

Since P> I and IT has rank k, the components of y, can be numbered so that I
has rank k. Hence, the probability that P,M..P, is nonsingular approaches 1.
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4. Inference in simultaneous equations models

A linear simultaneous equations model can be written in the form

YB=7Z7I+U, 4.1

where Yis T x G, Zis T x K,U=T x G,B(G x G)is nonsingular,and I' is K x G.
The reduced form of this SEM is Y = ZI1+V, where I =T'B~' and V = UB~!.
In order to determine B and I' uniquely from the equation I' = IIB and know-
ledge of IT (which is in principle observable) conditions on (B/,I”) are imposed.
For this purpose at least G — 1 elements in each column of (B/,I") are specified
as 0 and one nonzero element in each column is specified (for example, as 1).
Then the SEM is identified. [Here the notation B is conventional Cowles
Commission for SEM’s; see Koopmans (1950).] The specification of 0’s implies
that if another matrix (B*',I'"') with the same specification of 0’s is related to
(B,I') by

B+
F+

where H is nonsingular of order G, then H is diagonal. Note that the multiplication
of (4.2) corresponds to multiplication of (4.1) on the right by H. If the normalization
of the jth component equation of (4.1) is that f8;; = 1, then the specification of 0’s and
I’s implies H = I.

Suppose that the component equations of (4.1) and the columns of Y and Z are
numbered so that (B',I") can be partitioned into Gy, Gg, K;, and K, rows and n and
k columns as

_[Blg 42
o

By E]
B] |0 B: ws
r I, T '

0 T

[}

I and i denote the Gy and K; variables included in the first n equations, and E and e
indicate the Gg and K, variables in the model that are excluded from the n equations.
Here n< Gy, and By has rank n. (Otherwise B could not be nonsingular.) The
block of the first n equations [first n columns of (B’,I")] is identified if and
only if Gg 4+ Ke>k = G —n and rank (B, T,) = k. The block is over-identified if
Gg + K. >k. Let

Hnn an
H= . 4.4
l Hyi,  Hyk ] “4)
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If B, T'") has the form of (4.3), then

B?_ BI §1 BlHnn + EII'Ikn
0 _ 0 EE Hnn _ EEHkn . ( 4 5)
rlJr —|r i Fi Hj.,, |r iHy, + Fil'l/m ’ .
0 0 Tc Tern
in particular
0 By (4.6)
0 = Te kns .
which implies Hy,, = 0. Then
By Bh 47
r1+ = ri nn- ( . )

Since (B',T") is identified, H,, is diagonal.
Let IT (K x G) be partitioned into K; and K. rows and G| and Gg columns as

_ II; Il . 4.8)
HeI HeE
Then IIB =T is
IT; IIg | |B; B | By IT;B; + ITigBe | T L 4.9)
Mg Ie ([0 Bp| |HgBr HgBi+IgBe| [0 T .

The lower left-hand submatrix in (4.9) is
I1,;B; = 0. (4.10)

If IT is known and rank Il = G — n = k, then (4.10) can be solved for a matrix B
of rank n. Then I' is determined from the upper left-hand submatrix in (4.9), that is,
I1;B; =T

This equation (4.10) is of the form of (1.3) with B replaced by By and II by
II;;. Any solution of (4.10) can be multiplied on the right by a nonsingular
matrix H,, (n x n) to give another B satisfying (4.10) and another I';" = IT;B; .
To eliminate this indeterminateness n — 1 0’s must be specified in each column of
(B[, T)’; the submatrix of (B}, T})" obtained by deleting this column and the rows
with specified 0’s must have rank n — 1. Then H,,, must be diagonal. We say that
each row of (B, I') is just-identified within the block (By,T).

We now show how the inference in Section 3 can be used for LIML and TSLS
estimation of (B, I';). The block of equations is

Y B =ZI; + U, 4.11)
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where Y = (Y1, Yg), Z = (Z;, Z.), and U = (Uy, Ug). The relevant part of the reduced
form is
Y| = ZiII + Z 11 + Vi, (4.12)

where Vi = (vi1,...,vit) is T x p with &vvj, = Q. The predetermined variables Z
will be assumed exogenous and nonstochastic. The second-order sample moments of
Y are partitioned as

My MIE] 1 T [YItYﬂ YiYee

M y — E—
. [MEI MEge T | Ye¥ie YedYe

/

1

=T [Y1, YE] (4.13)

I
/
YE

The matrices M, and M.. are partitioned similarly. It is convenient to transform the
predetermined variables so that the (block) excluded variables are uncorrelated with
the (block) included variables. Let

7, =27.—-7.Z2)"'ZZ. (4.14)

(the residuals from the regression of the z.’s on the z;’s). Then the z,,’s are
uncorrelated with the z;,’s:

1 1
M= 2,2i=0, M =722 =M~ MaM; M. (4.15)

The reduced form (4.12) is written as
Y = Zilly + [Z, + Zi(Z/Z:) " Z.Z 01 + V;
= Zi[lly + (Z{Z) "' Z{Z ] + Z, Ty + V,
= Zillj + Z, 11 + V1, (4.16)
where TIj = Iy + M 'M.IL;. (Note that ITB;=T; because of (4.10).) The

/

regression of yy, on (z,,z/,)" gives the sample regression coefficients

Py M; ' M (ZZ)' LY,

[Pel - [MLLMM @z Y | @.17)
where M| = (1/7)Z/, Y. An estimator of &vy,vj, = Qy is

Wi = My — P,M;;P;y — P,M | P (4.18)

Let 4;> --- >Ag, be the roots of

|PélMLLPel — AWy =0, 4.19)
and let b; be a solution of

P M, Py —2Wi)b=0, bWypb=1, j=1,...,G. (4.20)
Then

Bi = (bist, ..., bg,) (4.21)

and F”ﬁ[ = f‘i form a maximum likelihood estimator of B; and I';. However, a
maximum likelihood estimator of (By,I7;) satisfying the 0 conditions is desired.
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Suppose the 0 conditions on the jth column are f8;; = 0 and y,,; = 0 for n — 1 values
of £ and m, and suppose that the normalization of the jth column is ;; = 1 for some
L. Then transform By and T by H the jth column of which is determined by

n n n
> bighy =1, > byhy =0, > Fchy=0 (4.22)
g=1 g=1 f=1

for the appropriate £ and m.
The block TSLS estimator of (By, I';) is based on initially estimating B in the form
(2.12). Let Py be partitioned into n and k columns (P, Pe;). Then

g (P,M Po) 'PLM, | P (4.23)
is the TSLS estimator of A;
I,
[_ gTS] (4.24)

is a TSLS estimator of By; and Py (I, —KTS ) = f?s is a TSLS estimator of I';. A
block TSLS estimator of (By, I';) satisfying the identification conditions is obtained
from (4.22).

The asymptotic distribution of A follows from Theorem 1.

Theorem 2. Under the conditions of Lemma 1
~TS d
VTvec(A~ —A)S N[0,X,, ® (M,M) Ty '], (4.25)
where X,, = B{QyBy.

Corollary 2. Under the conditions of Lemma 1 /T Vec(K—A)—d>N[0,)Zn,1®
(HQ:ZMOJ_OJ_HQY : ]

The LIML estimator of A has the same asymptotic distribution as the TSLS
estimator.

Table of Notation

Section2 Section4

1T (q XP) Hel (Ke X GI)

rank IT =k rank Il = k&
B(pXH) B[(GIXH)

rank B=n=p—k rank Bi=n=G; -k
IIB=0 II;B; =0

The use of maximum likelihood for reduced rank regression in estimating
coefficients in SEM’s was suggested by Anderson (1951), and confidence regions for
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the coefficients were developed. Hannan (1967) repeated some of Anderson’s
derivation of maximum likelihood estimates. See also Chow et al. (1967).

5. Comparison of estimators
5.1. The just-identification in By

We shall compare estimating the first equation by LIML and estimating it as one
of n equations in a block. The block may be over-identified relative to the entire
SEM and just-identified within the block.

Suppose the first column of By, By = (By1,....Ps1), has n—1 specified 0’s
(Gr —n+ 1 = G} nonzero elements). Number the columns of Y so that the first
column of By and Y] are

ﬁl = (19()’- .- sosﬁn+l,ls' .- sﬁG[l)/ = (lyosﬁ/ll) = (laﬂ/lE’ ﬁ/ll)/9 (51)

Y1 = (y;, Yie, Yin), (5.2)

respectively. The first column of I'; (that is, y,) has no specified 0. The first equation,
YiB) = Ziy, +uy, is

yi+Yupiu =Zy, +u. (5.3)

Partition P into 1, n — 1, and Gy — n columns as Py = (p,;, Peig, Perr) and Wy into
1, n— 1, and Gy — n rows and columns

w11 WI1E Wi 11
W= |[WwEer Wigie Wign |. 5.4
Wi winie WiLn

To define the single-equation LIML estimator of B, let 4; > - - > /s be the roots of

P M, (pur. Purt) — ) Wi Wil —0 5.5)
P, ) Pel, Lell wint Winn )| '

Let b; be the solution to

P ML Pa) -2 T Y=o (5.6)
P - Pel; Tett) = 45 wiit Wi - '

o BN | Y (5.7)
win W/ '

Jj=1,...,G]. Write bg: = (b1,b);)". Then the single-equation LIML estimator of f;;
is (1/b1)by1. The estimator of y; is (1/b1)(p;;, Pinbe: -

and
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On the other hand, a LIML estimator of the block without the just-identification
is By, defined by (4.21). To calculate the estimate of the coefficients of the first
identified equation in the block find hy = (hy,..., ) from

n ~
> bighg =1,
g=1

If By = (ﬁll,l?z)/Lwhere B, is n x n, then h, is the first column of ]NSI_I. Note that the
first column of By without the specified 0’s is different from bg;, the single-equation
LIML estimator. See Appendix A.

A single-equation TSLS estimator of f;; is

byghy =0, €=2,...,n. (5.8)
1

9=

—(P. My Pe) "PL M P (5.9)

~TS'
A block-equation TSLS estimator of By in the form of (3.17) is (I, —A )" where

~TS ) .
A" =P M Pep) P M P (5.10)

The single-equation TSLS estimator (5.9) is the first column of the block-equation
TSLS estimator (5.10). The notation here was selected so that the first » components
of B, agreed with the first » components in the first column of (I,,—A’). This
correspondence facilitates comparison of the single-equation TSLS estimator with
the block-equation TSLS estimator. However, even in this situation, the single-
equation LIML estimator may be different from the block-equation LIML
estimator.

5.2. The just-identification in T;

Suppose the first column of I, y; = (7,4, .., yKil)/, has n — 1 specified 0’s. Number
the columns of Z so that the first column of I'; and Z; are

"= (yllv <. >VK;‘lsOa' o 30)/ = (y/liﬁo) = (y/li’y/le)/’ (51 1)

Z; = (L, L), (5.12)

where K = K; — n+ 1. Number the columns of Y so that ;; = 1; none of the other
Gt — 1 components of f; is specified 0. The first equation, Y1, = Ziy; + uy, is

Vi + Yupy = Ziiyy; +u, (5.13)
where B, = (1,8} and Y; = (y;, Y11). The exogenous variables excluded from the
first equation are (Z, Z.). The corresponding part of the reduced form is

I

Yi =Zilhig + (Zie, Zo) | )t Vi. (5.14)

€
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Let IT be partitioned into Ky;, Ki., and K. rows and Gy and Gg columns

IL;; e
M= Iy g
HeI HeE

7 = (Zies Zo) — Lii(ZZi) " 21 (Zoe, Ze),

T / —lrgs Hle,[
Iy =) +(ZZ24) Z)(Zoe, Ze) H .
el
Then the reduced form (5.14) is

— . [ et
Y =271l + 727 L, + Vi,
€

and Z|;,Z% = 0. Define
Py

Pic1 _
Pel

Another form of the estimator Wy is

(ZZy) ' 2 Yy
(Z1Z23)7' 27 Y,

_ 1 — 1 /
Wi =My — P/li,I T 2, 2,iPyi; — (P, Pél)? YAV

P
Pel ’
Let 41> --- > Ag, be the roots of

=0.
el

/ / 1 * gk Ple,[ 1
(Ple,laPel)? 7.7 P — /W

Let b; be the solution to

/ / 1 % Ple,I
(Ple,I’ PeI)? ZJ_ZJ_ PeI - )ijll b=0

67

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

and PWyb=1, j=1,...,G1. Write bg, = (b1,b};)’. The single-equation LIML

estimator of B, is (1/b1)bg,.

The block LIML estimator of By without the just-identification is l~31
defined by (4.21). To calculate the just-identified equation in the block find
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h] = (h]],...,/’lnl)/ from
n . n
S bighg =1, > Ghg =0, t=1,....n—1 (5.24)
g=1 g=1

The linear combination l~31h1 does not satisfy (5.23); that is, the identified block
LIML estimator of f; is not the single-equation LIML estimator.

5.3. An instrumental variables approach

Write the block of equations (4.11) as
YB; — ZTI; =U. (5.25)

Then

(ZZ)'Z(Y\.Z)|

1

B -1 -1 1, P
I = M_ (M;B; — M;I}) = M, T Z7'U;— 0. (5.26)

Since
PiI P Hil
MZ'M, = N , 527
= [ Py [ I ] ( )
—1 IK1
MM = 0o | (5.28)

the probability limit of (5.26) is

Iy Ik, B _
-Ii|

I, 0
If (I}, IT;) is given, (5.29) can be solved for By and I'j, but there is the indeterminacy
of multiplication of the solution on the right by a nonsingular # x n matrix. The
indeterminacy can be eliminated by requiring that the n x n matrix consisting of
some n rows of (Bj,—I7}) constitute I,. The requirement is a special case of
eliminating the indeterminacy by requiring the just-identification of n equations as
specified in Section 4.

A consistent estimator of (Bj,I})’ is obtained by a two-stage procedure, first

setting to 0 some G + K; — n rows of

Pi I
Py O

II;iB; — T

e | =" (5.29)

B;

T,

B,

Mz_zl [M:I ) M;i] —fi

(5.30)
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If that set of equations is the last Gy —n + k; equations and B= (In,—K/)’, the
equations are

In
P, P, P, P, Ig ~
0 = M:z -
IKl 0 Pel PeZ 0 ~
L _ L T
P, P, Py P, P, Py, Ig || A
= M.. — M.. . (5.31)
I, 0 P, Ik 0 P, 0||T

The block TSLS estimator of A and I is
~ , -1
AT _ P, P, P Ik
r| Py 0

Iy, O
Suppose the normalization condition for the jth column of (B}, I})’ is f;; = 1 for a
particular L and the jth row is just-identified by S, =0 and 7,, =0 for n—1
specified indices £ and m, then the jth column of the transformation matrix H,,, is the
solution of (4.22). TS 1S
Estimator (5.32) of A and T is identical to (4.23) and Py(I,,—A ) =T, . From

(5.32) we derive
! 4 -1
I Mo o (T2 I
Iy, 0 “\ e, 0

~TS
(5.33)

P;
Pel

P, P,
I, ©

zZ zz

(5.32)

A —A 0
ﬁVGC ~TS —d>N <0>,Enn®

i i

5.4. Just-identification in both By and T';

Now consider just-identification that involves both B; and Ij. Suppose the
components of y;, and z;, are numbered so that the first row of (B}, I') is

Gr-1 m n—m—1 K*
;o /—I/_ e —A—
(ﬁl’yl)z ﬁll,'--aﬁG}‘—l,lvl03""0’ 0!'"’ann—m,la"'s’lei‘l
GI Ki
= (ﬁ/lblsososy/]j)s (534)

where G = G — m and K = K; — (n — m — 1) are the numbers of endogenous and
exogenous variables in the first equation. The number of specified 0’s in f, and y, is
n—1.

The single-equation TSLS estimator of the coefficients of the first equation is
based on the following:

Included y,’s : (15, YGr) = Ve Varo)s
Excluded y,’s : G- Ya) = (Y1E. YEO)»
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e /
Included z/’s @ (Zp—ms» - - -» ZKi1) = Zy;5

. / /
EXCluded Z,’S . (th) ey Zn—m—1,0s ZKi+ 1,05+ v v » ZKt) = (Zle,t’ Zet)' (535)

Note that (z),,z,,) includes z,’s included in the block but excluded from the first
equation. The first equation is

Yo = =Y uBi + Ziiy; + vy (5.36)
The single-equation TSLS estimator of (f;,7},) is

{

Now we turn to the block TSLS estimator of By and T7. Let

!
lIZ

Z.Z

1 ,
Z
(Z,Z)l(_Z/Y”,Z/ZIi)} l Z/IIIZ ](Z/Z)lz/yi71‘ (537)

- By
Bl c 5.38
Fi - > ( M )
- Iy |
where Bj; has Gf — | rows, C has n rows, and I'}; has K rows. Define
-B* ] _1
11 B, 1 B;C
L | = o C ' = I, . (5.39)
At ' r;c!

The block of equations can be written

B
¥gp> Yie,=Zie) = (=YL, Zi) | ps | + U, (5.40)
li
where U = U;C™".
In place of (5.31) we have
M, Bi;
[_Ml‘ ‘|M;:1[MZII:(MZG}‘:MZIE, —M.ie), —Mij]| I | =0. (5.41)
1z
Iy

The TSLS estimator of (B}, I is

o .
B, _ M- M-I(M M.1) M. M-l M .15, M.
f* N M;;. == =1l zli M. 2z zGy» z1E> ¥z 1e)-

(5.42)

The single-equation TSLS estimator of the coefficients of the first component
equation is the first column of the block TSLS estimator.

As pointed out in Section 5.3 the set of block TSLS estimators is determined
by the selection of Gy + Kj —n rows of (5.30) set to 0. The indeterminacy of
multiplication on the right by a nonsingular n x n matrix can be removed to
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requiring some n rows of (B}, I'}))’ to constitute I,,. Here those rows correspond to the
1 and 0’s in (B},7))".

6. Some examples

Example 1. Consider the model for G =3 and K =3

0 0
01 0
B ¢ o1
KB @
0 0 o
0 0 =
|0 0 0]

Y, = Wi Yo Yar)s Ze = (211, 221, 23) . The first equation is

Y1+ Y30 =uy. (6.2)

Thenifn=1g; =(,¢), B =0, y. = (0,0,0), and y, is vacuous. The relevant part
of P(3 x3)is

P Pi3
Pa1 P23 | = (Pers Pen); (6.3)
P31 D33

the TSLS estimator of ¢ is

_ p/e}MZZpel . (64)
p/e3Mz:p/e3
and the asymptotic variance of the estimator of ¢ is
-1
13
oy | (13, 13, 13)MY | 723 ) (6.5)
733
Ifn=2
0 0 0
Bi=|0 1|, TI.= . 6.6
1 e |:0 0:| ( )
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and Bg and I'; are vacuous. Partition P as

Pu P2 P3
P P P3| = (PersPe2s Pe3) = P (6.7)
P31 P P33

The TSLS estimator of (¢, ) = A is

1 /
_p’3M Pe3 pe3Mz:(pelspe2)' (6.8)
€ ZZle

The asymptotic covariance matrix is

-
(7513,7123)M?7<n13 )] . (6.9)
T\ T3

Note that the TSLS estimator of ¢ based on the first equation alone is one
component of the TSLS estimator of (¢, ) based on two equations.

The estimator of Q is W =%(Myy — P'M_.P). For n=1 define 1;>/, as the
roots of

Pu wir o Wwi3
‘ <pé3>MZZ(pel’p63) - /1<W31 W33> ‘ =0 (6.10)

and b, as the solution to

Pei Wil W3 b1z
) M. (poy, pes) — 2 —0 6.11
l(pfﬁ) (Pe1> Pe3) 2(»1/31 W33>] <b32> ( )

and b,W’b, = 1. The LIML estimator of ¢ is —b32/b1s.
To define the LIML estimator of (¢, ) for n = 2 solve

Xn®

[PM..P' — JW| =0 (6.12)
for )»1 >)L2 >)»3 and

(PMP' — ZW)b =0, b'Wb=1 (6.13)
forb;, i=1,2,3. Let

B = (by,b3) = <~ > (6.14)

B,

Then

BB - 6.15

= ﬁzﬁl_l (6.15)

is the LIML estimator of (I, —A’)’. The LIML estimator of ¢ for n =1 is not a
component of the LIML estimator for n = 2.



T.W. Anderson | Journal of Econometrics 135 (2006) 55-76 73

Example 2. Let

SERE
¢ 1
0 0 0
B
[F] "o 0 x| (6.16)
0 p o
0 0
L0 0 v
Y, = Wi Yo Var)'s Ze = (211, 220, 231, 24,) . The first equation is
Yi+ Y20 =zio+up. (6.17)

Ifn=1, ;= (,¢), B =0, ¥, = a, y. = (0,0,0); the relevant part of P (4 x 3) is

P P
P31 P32 | = (Per» Pe)- (6.18)
Py Pa

Let M.. = (m;). Assume that m; = mi3 = my4 = 0 (for convenience). The TSLS
estimator of ¢ is

mpyy M3 M4 P21
(Pzz P32 P42) mzy M3z My P31
Myy M43 Myy Pa
— . (6.19)
myy Moz M4 P2
(Pzz P32 P42> mz M3z My P32
Myy M43 Mag Py
Ifn=2
B K B 0,0), I 0 T [0 0} (6.20)
1 — d) 1 ” E — 9 ’ 1 — O p ’ c — O 0 . .
The block of equations is
I u o
TB)] A RS P R TS (6.21)

A part of the reduced form is

o —op|
(Y1,Y2) = (21, 22) [_(bp 0 ] m‘i‘ (v1,v2). (6.22)
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The least squares (LS) estimator of the coefficient matrix in (6.22) is

1 o —ou PP
e =0 e (6.23)
l—fgp|—9p P P Py
Thus
~ p . p -~ D ~_ P
B=p, 2P 5, PoPa g Pooog Pa (6.24)
P2 P P2 P

These estimators are LIML as well as TSLS.

7. Confidence regions and tests

When Vin (1.1) or U in (4.1) is normally distributed, exact confidence regions for
B or B; can be constructed. For B satisfying (1.3) B'P’M..PB and B'WB
are independently distributed according to Wishart distributions W ,(B'QB, k) and
W,(B'QB, T — k), respectively. Then

|B'WB|

[BP'M_PB + BWB| "I .1)
has the distribution of the criterion U, where n is the dimensionality, k is the number
of columns of PB and T — k is the number of degrees of freedom of W. See Section
8.4 of Anderson (2003). This criterion is a monotonically increasing function of the
likelihood ratio criterion for testing the null hypothesis that IIB = 0. Table B.1 of
Anderson (2003) provides significance points.

A confidence region for By consists of Gi x n matrices B} such that

IB; Wy B SU
|BT/Pl,allvleePeIBi|< + BT/WIIBN

n,Ks,TfK(g)- (7.2)

Since the statistic in (7.2) is invariant with respect to multiplication of B} on the right
by an n x n matrix, we normalize and identify By by 7, =1, f;; =0,j=1,...,n.

As an example, let n = 2 and G| = 4. Normalize and 1dentify By by ;; = 5, =1
and B, = f,; = 0. Then

1 0
0 1

Bi=1p, po (7.3)
B41 ﬂ42

Then (7.2) provides a confidence region for f3;, B35, f4;, and fy,.

The likelihood ratio criterion to test Hy : B = B*, where B* is completely specified,
is the left-hand side of (7.2). H is rejected if the criterion is less than the significance
point.
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Other confidence regions and tests can be constructed by using other criteria for
the multivariate linear hypothesis. See Anderson (2003, Section 8.6).

Appendix A. Example for Section 5.1

Let
E = ¢ A.l
|:C/ d:l ( ' )

be a positive definite matrix of order p. Let the roots of |A—AL,_i| =0 be
/1> -+ >4p_1 and the roots of |E —vI,| =0 be vi> --- >v,. Let b satisfy

Ab =}, b, (A.2)

and let f; satisfy

g A <] £, j=1 (A3)
J ¢ d fpj —V]J; J=L...,p. .

Is there a linear combination h = k,_if,_; + k,f,, such that for some k#0

b fi,1 fi, kp_1f1p-1 + kpf)
k[ ]=h=kp—1 Ly ik, v P plip
0 fp,p—l fPP

kp1fpp—1 +knf pp
If so, then the last component of (A.4) implies k,-if,, ;| +kp/,, =0 and
kb<k,_ifi,—1 + kpf1,. From (A.3) we derive

? (A.4)

E A ¢ kpflfl,pfl + kpflp A(kpflfl,pfl + kpflp)
h = =
¢ d 0 c(kp_ifip_1 + kpfi))
kp—1vp—1f1p-1 + kpvpfip
=k, 1vy_1f,_1 + k,v,f, = X . A5
p—1Vp—1fp—1 + kpvpf) ey 1V ppr  KpVaf o (A.5)
That is,
A(kp_lfl,p_l + kpflp) = k,,_lvp_lfl,p_l + k],v,,flp. (A6)

However, if (A.4) holds, (A.6) is A,—1(k,—1fi,—1 + k,f1,), which is impossible since
fi,-1 and f;, are linearly independent.

As an example for Section 5.1, let p = Gy, n = 2, A be the effect matrix in (5.5),
and E the effect matrix in (4.18). This shows that the identified block LIML
estimator of an equation is not necessarily the same as the single-equation LIML
estimator.
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