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Abstract

The coe)cient matrix of a cointegrated +rst-order autoregression is estimated by
reduced rank regression (RRR), depending on the larger canonical correlations and
vectors of the +rst di.erence of the observed series and the lagged variables. In a
suitable coordinate system the components of the least-squares (LS) estimator as-
sociated with the lagged nonstationary variables are of order 1=T , where T is the
sample size, and are asymptotically functionals of a Brownian motion process; the
components associated with the lagged stationary variables are of the order T−1=2 and
are asymptotically normal. The components of the RRR estimator associated with the
stationary part are asymptotically the same as for the LS estimator. Some compo-
nents of the RRR estimator associated with nonstationary regressors have zero error
to order 1=T and the other components have a more concentrated distribution than
the corresponding components of the LS estimator. ? 2002 Elsevier Science S.A. All
rights reserved.

JEL classi!cation: C32

Keywords: Nonstationary autoregressions; Least-squares estimators; Error-correction
form; Asymptotic distributions

1. Introduction

The type of cointegrated model treated in this paper is a nonstationary
autoregressive process of which some linear functions are stationary. Many
statistical procedures for the cointegrated models are procedures used for
stationary autoregressive processes but the sampling behavior of the statistics
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reAects the nonstationarity property. The linear autoregressive model of +nite
order is formally a kind of linear regression. The procedure studied in this
paper is the reduced rank regression (RRR) estimator of the coe)cient matrix
(Anderson, 1951). This estimator is compared with the least-squares (LS)
estimator of the matrix and the improvement in e)ciency is evaluated.
The classical regression model is

Yt =BXt +Zt ; (1.1)

where Zt is an unobserved random vector disturbance of p components with
EZt = 0; EZtZ′

t =�ZZ , and EXtZ′
t = 0, and Xt is an observed random vector

of q components. In this paper we specify EXt = 0 in order to concentrate on
the properties of the covariances; in practice sample covariances are calculated
in terms of deviations from sample means. Then EXtX′

t =�XX and

EYtY′
t =�YY =B�XXB

′ + �ZZ : (1.2)

Given a sample of T observations (Y1;X1); : : : ; (YT ;XT ) the sample covari-
ances are

SYY =
1
T

T∑
t=1

YtY′
t ; SXX =

1
T

T∑
t=1

XtX′; SYX =
1
T

T∑
t=1

YtX′
t : (1.3)

The LS estimator of the coe)cient matrix B is

B̂=SYXS−1
XX : (1.4)

De+ne the residuals as Ẑt =Yt − B̂Xt ; t=1; : : : ; T . The estimator of �ZZ is

SẐẐ=SYY − B̂SXX B̂
′
: (1.5)

In many problems the rank of B (or some submatrix of B) is speci+ed to
be k ¡min(p; q). For example, the limited information maximum likelihood
(LIML) estimator of the vector � satisfying �′B= 0 in a simultaneous equa-
tion model requires the rank of B to be not greater than p−1 (Anderson and
Rubin, 1949). The reduced rank regression estimator of B can be de+ned in
terms of the solutions to the determinantal and vector equations

|B̂SXX B̂
′ − tSẐẐ|=0; (1.6)

B̂SXX B̂
′
f = t SẐẐf ; f ′SẐẐf = 1: (1.7)

Let the solutions to (1.6) be ordered t1¡ · · ·¡tp, and de+ne the vector fi
as the solution to (1.7) for t= ti. Then de+ne

F=(fn+1; : : : ; fp); (1.8)

where n=p− k. Then the RRR estimator of B is

B̂k =SẐẐFF
′B̂: (1.9)

Note that B̂k is the product AC of the p× k matrix A=SẐẐF and the k ×p
matrix C=F′B̂. A and C are normalized by A′S−1

Ẑ Ẑ
A= I and CSXXC′=T=
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diag(tn+1; : : : ; tp). This estimator was derived by Anderson (1951) as the max-
imum likelihood estimator when Z1; : : : ;ZT are normally independently dis-
tributed.
Alternatively, the RRR estimator is

B̂k =SYX �̂�̂
′
; (1.10)

where �̂=(�̂n+1; : : : ; �̂p) and �̂i is the solution to

SXYS−1
YY SYX �̂= r

2SXX �̂; �̂′SXX �̂=1 (1.11)

and r2i = ti=(1+ti) is the square of the ith canonical correlation between Y and
X. In the form (1.10) the matrices SYX �̂ and �̂

′
are normalized by �̂

′
SXX �̂= I

and (SYX �̂)′S−1
YY (SYX �̂1)= �̂

′
SXYS−1

YY SYX �̂= R̂
2
= diag(r2n+1; : : : ; r

2
p). The

asymptotic distribution of B̂k in this model has been given and discussed
by Anderson (1999).
An autoregressive process

Yt =BYt−1 +Zt (1.12)

has the form of (1.1) with Xt replaced by Yt−1. The process is stationary if
the roots of

|B− �I|=0 (1.13)

satisfy |�i|¡ 1. In this case (1.12) can be solved repeatedly so that

Yt =
∞∑
s=0

BsZt−s (1.14)

with covariance matrix

�YY =
∞∑
s=0

Bs�ZZB′s: (1.15)

The LS estimator is (1.4) and the RRR estimator is (1.9) and (1.10) with
the Xt replaced by Yt−1. In econometric models some components of Xt can
be exogenous variables and some can be components of Yt−1 [as noted by
Anderson (1951)].
The likelihood ratio criterion (LRC) for testing the null hypothesis that the

rank of B is k is

−2 log LRC=− T
n∑
i=1

log(1− r2i ); (1.16)

when n=p− k. The limiting distribution of (1.16) is �2 with (p− k)(q− k)
degrees of freedom (Anderson, 1951) when the null hypothesis is true. (q=p
for the AR model.)
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2. Nonstationary models; cointegration

2.1. The cointegrated !rst-order autoregression

The AR process is nonstationary if |�i|¿ 1 for at least one i. A special case
is B= I; then �i=1; i=1; : : : ; p; and the model is Yt =Yt−1+Zt . For Y0 = 0
we obtain Yt =

∑t−1
s=0 Zt−s and EYtY′

t = t �ZZ : We say {Yt} is integrated of
order 1; in symbols {Yt}∈ I(1). Note that the +rst di.erence IYt =Yt −
Yt−1 =Zt is integrated of order 0; {IYt}∈ I(0).
A model is “cointegrated of order n” if �i=1; i=1; : : : ; n; and |�i|¡ 1; i=

n+ 1; : : : ; p. The “error-correction form” of the model is

IYt =%Yt−1 +Zt ; (2.1)

where %=B − I. Then n of the eigenvalues of % are 0. Note that (2.1) is
of the form of (1.1) with Yt replaced by IYt and Xt replaced by Yt−1. The
LS estimator of % and the RRR estimator have the forms of those given in
Section 1.
De+ne

SIY;IY =
1
T

T∑
t=1

IYtIY′
t ; SIY; LY =

1
T

T∑
t=1

IYtY′
t−1;

S LY LY =
1
T

T∑
t=1

Yt−1Y′
t−1: (2.2)

The LS estimator of % is

%̂=SIY; LYS
−1
LY LY
: (2.3)

To +nd the RRR estimator we solve

|S LY ;IYS
−1
IY;IYSIY; LY − r2S LY LY |=0 (2.4)

for r21¡ · · ·¡r2p. Then �̂i is the solution to

S LY ;IYS
−1
IY;IYSIY; LY �̂= r

2S LY LY �̂; �̂′S LY LY �̂=1: (2.5)

Then the RRR estimator of % is

%̂k =SIY; LY �̂�̂
′
: (2.6)

2.2. Transformation

In order to study the behavior of %̂ and %̂k we want to change coordinates
so as to distinguish the nonstationary and stationary dimensions. We shall
assume the following condition.
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Condition A. There are n linearly independent solutions to

!′%= 0; (2.7)

where n is the multiplicity of �=1 as a root of the characteristic equation
|B− �I|=0.
Let the solutions of (2.7) be assembled into the matrix &1 = (!1; : : : ;!n);

then &′
1%= 0 and the rank of &1 is n. Note that (2.7) is equivalent to

!′B=!′. This assumption implies that {Yt} is I(1).

Condition A implies that the rank of % is k=p − n, and there exists a
p× k matrix &2 such that

&′
2%='22&

′
2; (2.8)

'22 is nonsingular, and &=(&1;&2) is nonsingular. De+ne

Xt =

[
X1t

X2t

]
=

[
&′

1Yt
&′

2Yt

]
; Wt =

[
W1t

W2t

]
=

[
&′

1Zt
&′

2Zt

]
: (2.9)

Then (IX′
1t ;X

′
2t) constitutes a stationary process. These results have been

shown in Anderson (2000, 2001b), see also Johansen (1995).
The transformed process Xt satis+es the autoregressive model

Xt =)Xt−1 +Wt ; (2.10)

IXt ='Xt−1 +Wt ; (2.11)

where

)=&′B(&′)−1; (2.12)

'=&′%(&′)−1 =) − I=
[
0 0

0 '22

]
: (2.13)

In terms of subvectors the process {Xt} is generated by

X1t =X1; t−1 +W1t ; (2.14)

X2t =)22X2; t−1 +W2t : (2.15)

Let X10 =X1;−1 = · · ·= 0 and W10 =W1;−1 = · · ·= 0. Then X1t =
∑t−1

s=0W1; t−s
constitutes a random walk, and {X2t} is a stationary process.

3. Asymptotic distribution of the LS estimator

3.1. Asymptotic distribution of the sample covariances

The LS estimator of ' in (2.11) is

'̂=SIX; X̂S
−1
LX LX
; (3.1)
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where

SIX;IX =
1
T

T∑
t=1

IXtIX′
t ; SIX; LX =

1
T

T∑
t=1

IXtX′
t−1;

S LX LX =
1
T

T∑
t=1

Xt−1X′
t−1: (3.2)

The deviation of the estimator from the process parameter is

'−'=) −)=SW LXS
−1
LX LX
: (3.3)

To study the behavior of this statistic we need to distinguish the random walk
dimensions from the stationary process dimensions. When Xt is partitioned
into subvectors of n and k components Xt =(X′

1t ;X
′
2t)

′, respectively, we may
use the notation

SW LX =(S·1W LX ;S
·2
W LX )

[
S11W LX S12W LX

S21W LX S22W LX

]
: (3.4)

Since {X1t} is a random walk, we need to de+ne a Brownian motion
in order to describe the asymptotic distribution of some covariance sub-
matrices. Consider a sequence of random vectors {Wt} with EWt = 0 and
EWtW′

t =�WW =&′�ZZ&. De+ne X(u) as the weak limit of

1√
T

[Tu]∑
t=1

Wt =
√
u

1√
Tu

[Tu]∑
t=1

Wt ; 06 u6 1: (3.5)

For +xed u the limiting distribution of (3.5) is N (0; u�WW ) and increments
are independent. We partition the vector X(u) into n and k components as
X(u)= (X′

1(u);X
′
2(u))

′=X·(u). Then

1
T
S11LX LX =

1
T 2

T∑
t=1

X1; t−1X′
1; t−1 =

1
T

T∑
t=1

1√
T

t−2∑
r=0

W1; t−1−r
1√
T

t−2∑
s=0

W′
1; t−1−s

d→
∫ 1

0
X1(u)X′

1(u) du= I11: (3.6)

See Billingsley (1968) or Johansen (1995), for example.
The second subvector X2t =)2X2; t−1 +Wt ; t= : : : ;−1; 0; 1; : : : generates a

stationary process X2t =
∑∞

s=0)
s
2W2; t−s. Hence

S22LX LX =
1
T

T∑
t=1

X2; t−1X′
2; t−1

p→�22
XX =

∞∑
s=0

)s
22�

22
WW)

′s
22: (3.7)



T.W. Anderson / Journal of Econometrics 106 (2002) 203–216 209

Before treating S21 we consider

SIX; LX =

[
S11IX; LX S12IX; LX
S21IX; LX S22IX; LX

]
=

[
0 0

'22S21LX LX '22S22LX LX

]
+

[
S11W LX S12W LX

S21W LX S22W LX

]
:

(3.8)

We have

S·1W LX =
1
T

T∑
t=1

WtX′
1; t−1

d→
∫ 1

0
dX(u)X′

1(u)=J·1 =

[
J11
J21

]
; (3.9)

S·2W LX =
1
T

T∑
t=1

WtX′
2; t−1

p→�·2
W LX = 0: (3.10)

Since {Wt ;X2t} is stationary

S∗·2W LX =
√
TS·2W LX

d→N (0; ): (3.11)

We use summation by parts to evaluate

S21IX; LX =
1
T

T∑
t=1

IX2tX′
1; t−1

=
1
T

[
X2TX′

1T −
T∑
t=1

X2tIX′
1t

]

=
1
T

[
X2TX′

1T −
T∑
t=1

()2X2; t−1 +W2t)W′
1t

]

p→−�21
WW : (3.12)

Note that

tr(T−1X2TX′
1T )(T

−1X2TX′
1T )

′=(T−3=2X′
1TX1T )(tr T−1=2X2TX′

2T )
p→0:
(3.13)

Then from (3.8), |'22| 
=0, and S21W LX

p→J21, we conclude that

S21LX LX ='
−1
22 (S

21
IX; LX − S21W LX ) (3.14)

d→−'−1
22 (J21 + �

21
WW ): (3.15)
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Hence T−1=2S21LX LX

p→0. We summarize as


1
T
S11LX LX

1√
T
S12LX LX

1√
T
S21LX LX S22LX LX


 d→

[
I11 0

0 �22
XX

]
: (3.16)

More details are given in Anderson (2000).

3.2. Asymptotic distribution of the LS estimator

It will be convenient to use the notation vecA=(a′1; : : : ; a
′
p)

′ for A=
(a1; : : : ; ap). A useful relation is vecABC=(C′ ⊗A)vecB.

Theorem 1. Suppose W1;W2; : : : are independently distributed with EWt = 0;
EWtW′

t =�WW ; and EWtX′
t−s= 0; s=1; 2; : : : : Then

[
√
T ('̂·1 −'·1);'·2 −'·2]

p→ 0; (3.17)

[T ('̂·1 −'·1);
√
T ('̂·2 −'·2)]

d→ [J:1I−1
11 ;S

∗·2
W LX (�

22
XX )

−1] (3.18)

and

vecS∗·2W LX
d→N (0;�22

XX ⊗ �WW ): (3.19)

Proof. To demonstrate (3.17) write

[
√
T ('̂·1 −'·1); '̂·2 −'·2]=

[
1√
T
S·1W LX ;S

·2
W LX

]
1
T
S11LX LX

1√
T
S12LX LX

1√
T
S21LX LX S22LX LX



−1

(3.20)

and use T−1=2S·1W LX

p→0; S·2W LX

p→0, and (3.16). The limit in distribution (3.18)
follows from (3.20), (3.9), (3.10), and (3.16). The limit in distribution (3.19)
follows from vecS∗·2W LX =T

−1=2 ∑T
t=1 (X2; t−1 ⊗Wt) and (3.11).

The conditions on {Wt} could be weakened. The main point here is that
Wt does not have to be normal.

To convert (3.18) to the original terms of Yt and Zt we de+ne S·j
Z LX

=T−1∑T
t=1ZtX

′
j; t−1. Then

B̂− B=
[
1
T
(&′)−1J·1I−1

11 &
′
1 +

1√
T
S∗·2Z LX (�

22
XX )

−1&′
2

]
+ [o(T−1); o(T− 1

2 )]:

(3.21)
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This result is interpreted to mean that the discrepancy B̂ − B in the ran-
dom walk direction multiplied by T is approximately (&′)−1J·1I′11 and in the
stationary direction multiplied by

√
T is approximately normal with covari-

ances given by elements of (�22
XX )

−1⊗�ZZ =(&′
2�YY&2)−1⊗�ZZ . From (3.21)

we derive

√
T (B̂− B) d→ S∗·2Z LX (�

22
XX )

−1&′
2

= S∗Z LY&2(&
′
2�YY&2)−1&′

2: (3.22)

4. Asymptotic distribution of the RRR estimator

In the X -coordinate system the RRR estimator of ' is

'̂k =SIX; LXG2G′
2; (4.1)

where G2 = (gn+1; : : : ; gp); gi satis+es

S LX ;IXS
−1
IX;IXSIX; LX g= r

2S LX LX g; g′S LX LX g=1 (4.2)

for r= ri; and ri (r1¡ · · ·¡rp) satis+es

|S LX ;IXS
−1
IX;IXSIX; LX − r2S LX LX |=0: (4.3)

Theorem 2. Under the conditions of Theorem 1


 T ('̂11

k −'11)
√
T ('̂

12
k −'12)

T ('̂
21
k −'21)

√
T ('̂

22
k −'22)


 d→

[
0 S∗12W LX (�

22
XX )

−1

J2·1I−1
11 S∗22W LX (�

22
XX )

−1

]
(4.4)

and

J2·1 = J21 − �21
WW (�

11
WW )

−1J11

=
∫ 1

0
d[X2(u)− �21

WW (�
11
WW )

−1X1(u)]X′
1(u): (4.5)

Proof. The equations (4.2) for g= gn+1; : : : ; gp are summarized in

QG2 =S LX LXG2R̂
2
2; G′

2S LX LXG2 = I; (4.6)
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where Q=S LX ;IXS
−1
IX;IXSIX; LX and R̂2 = diag('n+1; : : : ;'n). Let G2 =

(G′
12;G

′
22)

′. Then the Eqs. (4.6) can be written as
1
T
Q11TG12 +Q12G22 =

(
1
T
S11LX LX TG12 + S22LX LXG22

)
R̂

2
2; (4.7)

1
T
Q21TG12 +Q22G22 =

(
1
T
S21LX LX TG12 + S22LX LXG22

)
R̂

2
2; (4.8)

(TG′
12;G

′
22)




1
T 2S

11
LX LX

1
T
S12LX LX

1
T
S21LX LX S22LX LX



[
TG12

G22

]
= I: (4.9)

De+ne H by TG12 =HG22. Since T−1Q11
p→ 0, T−1Q21

p→ 0, and
T−2S11LX LX

p→ 0, (4.7), (4.8), and (4.9) are asymptotically equivalent to

Q12G22 = (I11H+ S12LX LX )G22R̂
2
2; (4.10)

Q22G22 =S22LX LXG22R̂
2
2; (4.11)

G′
22S

22
LX LXG22 = I: (4.12)

We can solve (4.10) for

H= I−1
11 (Q12G22R̂

−2
2 G

−1
22 − S12LX LX )

= I−1
11 (Q12Q−1

22 S
22
LX LX − S12LX LX ): (4.13)

From

SIX; LX
d→
[
J11 0

−�21
WW '22�

22
XX

]
(4.14)

and

SIX;IX
p→�IX;IX =

[
�11
WW �12

WW

�21
WW �22

WW +'22�
22
XX'

′
22

]
; (4.15)

we calculate[
Q12

Q22

]
d→
[
[J′11(�

−1
IX;IX )12 − �12

WW (�
−1
IX;IX )22]'22�

22
XX

�22
XX'

′
22(�

−1
IX;IX )22'22�

22
XX

]
: (4.16)

Hence

Q12Q−1
22 S

22
LX LX

d→ [J′11(�
−1
IX;IX )12(�

−1
IX;IX )

−1
22 − �12

WW ]('
′
22)

−1

= −[J′11(�11
WW )

−1�12
WW − �12

WW ]('
′
22)

−1 (4.17)

and

H d→I−1
11 J

′
2·1('

′
22)

−1; (4.18)
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where J2·1 is given by (4.5). Now we calculate '̂k =SIX; LXG2G′
2, where

G2 =

[
G12

G22

]
=

[
0

�22

]
+

[
1
THG22

1√
T
G∗

22

]
; (4.19)

SIX; LX =

[
0 0

−�21
WW '2�

22
XX

]
+

[
S11W LX

1√
T
S∗12W LX

S21IX; LX + �21
WW

1√
T
('22S∗22LX LX + S∗22W LX )

]
:

(4.20)

Then '̂k is

SIX; LXG2G′
2 =

[
0 0

0 '22

]

+




0 1√
T
S∗12W LX (�

22
XX )

−1

1
T'22�

22
LX LX�22G′

22H
′

1
T�

21
WWHG22�

′
22 +

1√
T
{S∗22W LX (�

22
XX )

−1

+'2[S∗22LX LX (�
22
XX )

−1 + �22
XX�22G∗′

22 + �
22
XX�

∗
22�

′
22]}




+

[
0 op(T−1=2)

op(T−1) op(T−1=2)

]
: (4.21)

From (4.12) we have

I=�′
22�

22
XX�22 +

1√
T
(�′

22S
∗22
LX LX�22 + �

′
22�

22
XXG

∗
22 +G

∗
22
′�22
XX�22)

+op(T−1=2); (4.22)

implying

0=(�22
XX )

−1S∗22LX LX (�
22
XX )

−1 +G∗
22�

′
22 + �22G∗

22
′ + op(1): (4.23)

When (4.23) is used in (4.21), we obtain

SIX; LXG2G′
2 =

[
0 0

0 '22

]
+




0
1√
T
S∗12W LX (�

22
XX )

−1

1
T
'22H′ 1√

T
S∗22W LX (�

22
XX )

−1




+


 0 op(T− 1

2 )

op(T−1) op(T− 1
2 )


 : (4.24)

This gives us (4.4).
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5. Discussion

Let us compare the asymptotic distributions of the LS and RRR estimators.
The asymptotic distribution of the LS estimator can be expressed as[

T ('̂11 −'11)
√
T ('̂12 −'12)

T ('̂21 −'21)
√
T ('̂22 −'22)

]
d→
[
J11I−1

11 S∗12W LX (�
22
XX )

−1

J21I−1
11 S∗22W LX (�

22
XX )

−1

]
: (5.1)

The limiting distribution of T ('̂11−'11) is the distribution of J11I−1
11 , while

the limiting distribution of T ('̂
11
k −'11) is 0. The limiting distribution of

T ('̂21−'21) is that of J21I−1
11 while the limiting distribution of T ('̂

21
k −'21)

is J2·1I−1
11 . The distribution of J2·1 is more concentrated around 0 than that

of J21. For each method the estimator of '·1 is supere)cient.
In the original coordinate system we have

B̂k − B=
1
T
(&′)−1

[
0

[− �21
WW (�

11
WW )

−1; I]J·1I−1
11 &

′
1

]

+
1√
T
S∗Z LX (�

22
XX )

−1&′
2 + [o(T−1); o(T−1=2)] (5.2)

and
√
T (B̂k − B) d→ S∗Z LX (�

22
XX )

−1&′
2

= S∗ZY&2(&
′
2�YY&2)−1&′

2: (5.3)

Note that the limiting distribution of
√
T (B̂k −B) is the same as the limiting

distribution of
√
T (B̂− B), but the terms of higher order are di.erent.

The asymptotic distributions developed here do not require normality of
the disturbances. In this regard the RRR estimator does not require stronger
conditions than the LS estimator. This is in contrast to the fact that the
asymptotic distribution of G2, a factor of '̂k , does depend on normality of
the disturbances.
Johansen (1995) gave (5.3) in Theorem 13:7, but he did not evaluate the

term of order 1=T in (5.2).
In the usual regression model (1.1) the two matrices

√
T ()̂k − )) and√

T ()̂−)̂) agree entirely except for the upper left-hand corner of ()̂k−)k)
being 0 (Anderson, 1999). However, in the usual regression model the trans-
formation to canonical variables U=A′Y, V=�′X yields an error vector
W=A′Z=U − )V with uncorrelated components whereas here the trans-
formation IXt =&

′IYt , Xt−1 =&
′Yt−1 yields an error vector W=&′Zt =

IXt −)Xt−1 in which �12
WW may not be 0.
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6. Higher-order processes

Now we consider an AR(m) process

Yt =
m∑
j=1

BjYt−j +Zt : (6.1)

If the roots �1; : : : ; �pm of

|�mI − �m−1B1 − · · · − Bm|=0 (6.2)

satisfy |�j|¡ 1, j=1; : : : ; pm, (6.1) de+nes a stationary process. If �j=1 for
one or more values of j, the process is nonstationary. The model (6.1) can
be put in an “error-correction form”

IYt =%Yt−1 +
m−1∑
j=1

%jIYt−j +Zt ; (6.3)

where %=
∑m

j=1 Bj − I and %i=−∑m
j=i+1 Bj, i=1; : : : ; m− 1.

Let the multiplicity of the root �j=1 be n, and de+ne k=p − n, so
�1 = · · ·= �n=1 and |�j|¡ 1, j= n+ 1; : : : ; pm. Assume Condition A. Then
IYt and &

′
2Yt can be given initial distributions so that (IYt ;&

′
2Yt) is sta-

tionary (Anderson, 2000), and the rank of % is k. See also Johansen (1995).
The model (6.3) is of the form Y=A1V1 + A2V2 + Z with Y replaced

by IYt , A1 by %, V1 by Yt−1, A2 by (%1; : : : ;%m−1)=% and V2 by
(IYt ; : : : ;IY′

t−m+1)
′= LIYt−1. Then the parameters can be estimated by re-

duced rank regression (Anderson, 1951). In the de+nitions of the LS estimator
of % (2.3) and the RRR estimator (2.6) IYt and Yt−1 are replaced by

IYt − SIY; LIYS−1
LIY; LIY

LIYt−1; (6.4)

Yt−1 − S LY ; LIYS
−1
LIY; LIY

LIYt−1: (6.5)

The asymptotic distribution of the canonical correlations and vectors has been
given by Anderson (2001a) and of the correlations by Hansen and Johansen
(1999).
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