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Abstract

The coefficient matrix of a cointegrated first-order autoregression is estimated by
reduced rank regression (RRR), depending on the larger canonical correlations and
vectors of the first difference of the observed series and the lagged variables. In a
suitable coordinate system the components of the least-squares (LS) estimator as-
sociated with the lagged nonstationary variables are of order 1/7, where T is the
sample size, and are asymptotically functionals of a Brownian motion process; the
components associated with the lagged stationary variables are of the order 7~"? and
are asymptotically normal. The components of the RRR estimator associated with the
stationary part are asymptotically the same as for the LS estimator. Some compo-
nents of the RRR estimator associated with nonstationary regressors have zero error
to order 1/T and the other components have a more concentrated distribution than
the corresponding components of the LS estimator. © 2002 Elsevier Science S.A. All
rights reserved.

JEL classification: C32

Keywords: Nonstationary autoregressions; Least-squares estimators; Error-correction
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1. Introduction

The type of cointegrated model treated in this paper is a nonstationary
autoregressive process of which some linear functions are stationary. Many
statistical procedures for the cointegrated models are procedures used for
stationary autoregressive processes but the sampling behavior of the statistics
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reflects the nonstationarity property. The linear autoregressive model of finite
order is formally a kind of linear regression. The procedure studied in this
paper is the reduced rank regression (RRR) estimator of the coefficient matrix
(Anderson, 1951). This estimator is compared with the least-squares (LS)
estimator of the matrix and the improvement in efficiency is evaluated.

The classical regression model is

Y[:th+Zt, (1.1)
where Z, is an unobserved random vector disturbance of p components with
L, =0, 1,1, =%;;, and £X,Z,=0, and X, is an observed random vector
of g components. In this paper we specify £X, =0 in order to concentrate on

the properties of the covariances; in practice sample covariances are calculated
in terms of deviations from sample means. Then &X,X=2Xyx and

EY,Y =Xy =BEy B + X, (1.2)

Given a sample of T observations (Y1, X1),...,(Yr, Xr) the sample covari-
ances are

| o | o | o
SYY:?;YN;, SXX:?;XIX’, syxzngtX;- (1.3)

The LS estimator of the coefficient matrix B is

B=S,,S;. (1.4)
Define the residuals as Z[:Y, — 1§X,, t=1,...,T. The estimator of X ; is
S,;; =Sy — BSyB'. (1.5)

In many problems the rank of B (or some submatrix of B) is specified to
be &k < min( p,q). For example, the limited information maximum likelihood
(LIML) estimator of the vector a satisfying «’'B=0 in a simultaneous equa-
tion model requires the rank of B to be not greater than p—1 (Anderson and
Rubin, 1949). The reduced rank regression estimator of B can be defined in
terms of the solutions to the determinantal and vector equations

IBSy B —1S,,| =0, (1.6)
BSyBTf=rS,,f, 'S;f=1. (1.7)

Let the solutions to (1.6) be ordered ¢ < --- < t,, and define the vector f;
as the solution to (1.7) for t=¢;. Then define

F=f1,....1)), (1.8)
where n= p — k. Then the RRR estimator of B is
B,=S,,FF'B. (1.9)

Note that By is the product AC of the p x k matrix A = S;;F and the k x p
matrix C=FB. A and C are normalized by A’SZTZ}A:I and CSyyC'=T=
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diag(#y41,...,t,). This estimator was derived by Anderson (1951) as the max-
imum likelihood estimator when Zi,...,Z7 are normally independently dis-
tributed.

Alternatively, the RRR estimator is

B, =Sy [T, (1.10)
where f‘:(?Hl,...,)?p) and ¥, is the solution to
SxrSyySwi=rSxy,  FSui=1 (1.11)

and 72 =¢;/(1+t¢;) is the square of the ith canonical correlation between Y and
X. In the form (1.10) the matrices Sy T and r are normalized by f‘/SXXf‘ =1
and (S IYSy (Sl =TSy Sy Syl =R’ =diag(r2,,...,72).  The
asymptotic distribution of B, in this model has been given and discussed

by Anderson (1999).
An autoregressive process

Y, =BY,_, + Z, (1.12)

has the form of (1.1) with X, replaced by Y,_;. The process is stationary if
the roots of

IB—AI|=0 (1.13)
satisfy |4;] < 1. In this case (1.12) can be solved repeatedly so that
Y,:iBSZt_S (1.14)
5=0
with covariance matrix
Ty = i B’X,,B". (1.15)
5=0

The LS estimator is (1.4) and the RRR estimator is (1.9) and (1.10) with
the X, replaced by Y,_;. In econometric models some components of X, can
be exogenous variables and some can be components of Y,_; [as noted by
Anderson (1951)].

The likelihood ratio criterion (LRC) for testing the null hypothesis that the
rank of B is £ is

—2log LRC=—T> log(1 —r}), (1.16)
i=1
when n= p — k. The limiting distribution of (1.16) is ¥*> with (p —k)(g —k)
degrees of freedom (Anderson, 1951) when the null hypothesis is true. (¢ = p
for the AR model.)
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2. Nonstationary models; cointegration
2.1. The cointegrated first-order autoregression

The AR process is nonstationary if |4;| > 1 for at least one i. A special case
is B=I; then 4;=1, i=1,..., p, and the model is Y, =Y, 1 +Z,. For Yo=0
we obtain Y, :Zi;(l) Z, s and &Y, Y, =t X;;. We say {Y,} is integrated of
order 1; in symbols {Y,} €(1). Note that the first difference AY,=Y, —
Y, 1 =Z, is integrated of order 0; {AY,}¢€(0).

A model is “cointegrated of order n” if /;=1, i=1,...,n,and |4| <1, i=
n+1,..., p. The “error-correction form” of the model is

AY, =TIY,_, + Z, (2.1)

where II=B — I. Then #n of the eigenvalues of Il are 0. Note that (2.1) is
of the form of (1.1) with Y, replaced by AY, and X, replaced by Y,_;. The
LS estimator of Il and the RRR estimator have the forms of those given in
Section 1.

Define

= =
Saray = ?Z AY,AY], Sary = ?Z AYY
=1 t=1

T

) ) A (22)

=1

The LS estimator of I is

H=8S,,;S;}. (2.3)
To find the RRR estimator we solve

S7 AvSay.arSary — *Syp|=0 (2.4)
for 17 < ... <r5. Then ¥, is the solution to

St arSararSari?=rSsrh  PSpri=1. (2.5)
Then the RRR estimator of IT is

T, =S, ;1T (2.6)

2.2. Transformation

In order to study the behavior of IT and IT, we want to change coordinates
so as to distinguish the nonstationary and stationary dimensions. We shall
assume the following condition.
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Condition A. There are n linearly independent solutions to
o'TI=0, (2.7)
where n is the multiplicity of A=1 as a root of the characteristic equation
B — Al| =0.
Let the solutions of (2.7) be assembled into the matrix Q =(w,...,®,);

then QIT=0 and the rank of €, is n. Note that (2.7) is equivalent to
o'B=®’. This assumption implies that {Y,} is /(1).

Condition A implies that the rank of Il is k= p — n, and there exists a
p X k matrix €, such that

Q=70 (2.8)
Yy, is nonsingular, and Q= (€;,€,) is nonsingular. Define
Xy, QY, Wi, Q7
X, = = , , W, = = , . (2.9)
Xy Y, W, 7,

Then (AX/,,X),) constitutes a stationary process. These results have been
shown in Anderson (2000, 2001b), see also Johansen (1995).
The transformed process X, satisfies the autoregressive model

X, =YX, +W, (2.10)
AX, =YX, + W, (2.11)
where
¥Y=0Q'BQ)', (2.12)
T=QMQ)'=¥-1= lo 0 ] . (2.13)
0 Yy
In terms of subvectors the process {X,} is generated by
Xy =Xp,-1 + Wy, (2.14)
X =¥2Xy—1 + Wa. (2.15)
Let X;p=X; _1=---=0and W;o=W, _;=---=0. Then X;, =3} W,

constitutes a random walk, and {X,,} is a stationary process.

3. Asymptotic distribution of the LS estimator
3.1. Asymptotic distribution of the sample covariances

The LS estimator of Y in (2.11) is

r:ijstl_ 3.1

XX’
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where

1 T
sM,M:?ZAX,Ax;, 72 AX X!,

=1 =1
T
Syr=— Z X1 X, (3.2)

The deviation of the estimator from the process parameter is
T-Y=¥-¥=S,;:S;; (33)

To study the behavior of this statistic we need to distinguish the random walk
dimensions from the stationary process dimensions. When X, is partitioned
into subvectors of n and k components X, = (X/,,X?,)’, respectively, we may
use the notation

Sll _ SlZ _
S2 wx Swx
(SWX’ W)?) lsz1 ) Szz_] : (3.4)

wx Swx
Since {Xy,} is a random walk, we need to define a Brownian motion
in order to describe the asymptotic distribution of some covariance sub-

matrices. Consider a sequence of random vectors {W,} with §W,=0 and
EW W =X =Q'E,,Q. Define X(u) as the weak limit of

[Tu] [Tu]

\FZW, FZWI, O<u<l (3.5)

For fixed u the limiting distribution of (3.5) is N(0,uXyy ) and increments
are independent. We partition the vector X(u) into n and k£ components as
X(u)=(X|(u),X%(u)) =X.(u). Then

1 t—2
)ZX TzZXII 1Xim = TZ \fz Li—1- Iﬁzwit—l—s
s=0
i>/ X, ()X, (u)du=1,,. (3.6)
0

See Billingsley (1968) or Johansen (1995), for example.
The second subvector Xy, =¥,X,,1 +W,, t=...,—1,0,1,... generates a
stationary process Xo, =, ¥3W,,_,. Hence

1 a = S S
SEZZ)?: TZXZJ—IXQJALE%( :Z‘Pzzzzwgwllﬂzz- (3.7)
t=1 s=0
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Before treating S*' we consider

Sll _ SIZ _ 0 0 Sll_ SIZ_

Sivr Savx ToST; TuSY Shx Six
(3.8)
We have
17
S'V;/)? = TZWtX;,,,1
=1
a [ , Ju
—>/ dX(w)X|(u)=J.,= , (3.9
0 Jai
1 T
S.VIZ/)? = ?Zwlxé,t—l
t=1
2y =0. (3.10)
Since {W,,Xy,} is stationary
% 2 d
Si% =VTS;2.5N(0, ). (3.11)
We use summation by parts to evaluate
17
Shxx = ;Z AXo X,
=1
| T
= 7 |XerXiy - > Xy AX,
t=1
T
= 7 | XarXiy = > (¥oXo o + Wzt)w;t]
=1
LG (3.12)
Note that
tr(7 " Xor X T~ Xor XY = (T732X X0 )t T2 X0 X5 )-20.
(3.13)
Then from (3.8), | Y2|#0, and S%I}Xile, we conclude that
S¥e =75y s — Sie) (3.14)

L I+ 2. (3.15)
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— p .
Hence T l/282-1-—>0 We summarize as

11 12
TSXX \FSXX L O
N . (3.16)
le SZ2 0 ZXX
\/> XX XX
More details are given in Anderson (2000).
3.2. Asymptotic distribution of the LS estimator
It will be convenient to use the notation vecA=(al,..., ’p " for A=

(a,...,a,). A useful relation is vec ABC = (C’ ® A)vecB.

Theorem 1. Suppose W1, W, ... are independently distributed with §W, =0,
EWW, =Xyy, and W, X,_, =0, s=1,2,... . Then

[VT(Tq—Y.0).To— Y] 50, (3.17)
[T(Y ) — X VT(L = Yo) S IS5 (ER) (3.18)
and
veeS52-SN(0, 2% @ Ty ). (3.19)
Proof. To demonstrate (3.17) write
lsl_l_ SIZ -
A n ) T XX T XX
VT =TT Tal= | esiesi] | 1Y
782-1- S2_2_
T XX XX
(3.20)

and use 77128} .20, S2 .20, and (3.16). The limit in distribution (3.18)
follows from (3.20), (3.9), (3.10), and (3.16). The limit in distribution (3.19)
follows from vecS%% =T-"2 ST (Xe1 ®W,) and (3.11). O

The conditions on {W,} could be weakened. The main point here is that
W, does not have to be normal. ,
To convert (3.18) to the original terms of Y, and Z, we define S'Z’i =T"!

Zz L jl‘ ;- Then

Loty 1- .
B-B=|(Q) lJ.11“191+TS AR |+ [o(T 0T 2],
(3.21)
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This result is interpreted to mean that the discrepancy B — B in the ran-
dom walk direction multiplied by 7 is approximately (')~'J.I}, and in the
stationary direction multiplied by /T is approximately normal with covari-
ances given by elements of (X3 ) '@z, = (Q,Zyy Q) ' ®Xz,. From (3.21)
we derive

VT(B - B) L S:4(2%) ',
=S, (X Q) ' Q. (3.22)

4. Asymptotic distribution of the RRR estimator
In the X-coordinate system the RRR estimator of Y is
Y =Sxr 7G2G (4.1)
where G =(gu41,...,8p), & satisfies
StarSivarSars8=r"Serg  gSpeg=1 (4.2)
for r=r;, and r; (r; <--- <r,) satisfies
[Sr.axSaxarSaxy = Serl =0. (43)

Theorem 2. Under the conditions of Theorem 1

TOE =) VICE = Yo) kX l I N
T — ) VTP — Yy | [l STHER) '
and
o= Jor = By (Zipy) ™ I
= /O AXo00) — B (Sl )X I ), (4.5)

Proof. The equations (4.2) for g=g,;1,...,8, are summarized in

~2
QG,=S;;G:R,, G’ S;:G, =1, (4.6)
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where Q=S; \Sx}arSaxs and Ry = diag(Xyi1....,Y,). Let Gy=
(G},,G%,)'. Then the Egs. (4.6) can be written as

1 1 A2
TQIITGIZ + Q126G = (TS)IgIXTGlz + S}ZXGM) R,, (4.7)
1 1 2
?Q21TG12 + QG = <TS§;1);TG12 + Sf?iGzz) R,, (4.8)
1 1
725%¢ 75¢t | [TGy

2
(TG),,Gy) | T

1 - (4.9)
7St St

G22

Define H by TG;;=HGy. Since T7'Qq 20, T7'Qy 20, and
_ p o .
TS, =0, (4.7), (4.8), and (4.9) are asymptotically equivalent to

~2
Q126 =(I;1H + S%;)G2R,, (4.10)
2
QG = ngz)ngzRQ, (4.11)
G}, S%:Gn =L (4.12)

We can solve (4.10) for
)
H=1;'"(Q.G2R, G3' —S%)

=1;'(Q12Q%'S%; — SFp)- (4.13)
From
Sy et | 0 (4.14)
AXX .
—Xiy YuXi
and
E” 212
S Py |7 w , 4.15
R B D - R o - O 19
we calculate
Qi o [PhEaxan) — Zpw(Eaya0)2] 2T @.16)
Q> Zﬁréz(z&M)zzrzzzﬁ
Hence
_ d — — _ _
QlZszlsizzi - [J/II(ZA)I(,AX)IZ(ZA)](,AX)ﬂI - Zlngw](‘réz) :
= —[J(Epw) " T — Zip 1(X5,) ™! (4.17)
and

HAL 5, (Y5) 7 (4.18)



T.W. Anderson|Journal of Econometrics 106 (2002) 203-216 213

where J,., is given by (4.5). Now we calculate Y =S,y 7G2G), where

G 0 1HG
G,— 2| _ " Tl iz ’ (4.19)
G I’y 7762
o 0 Sy x S
SAX,)?: y2! T, x22 + [SZL 21 1 %22 %22 :
—=ww 2&xx AX,)E"'EWW W(TZZS)?)?""SW)?)
(4.20)
Then 'f‘k is
S G,G) = 0 0
R [ ¢
- 0 LS (eR)!
+1, » ) o 7w HGY, + - {Si7(ER) ™
7 T2y InGyH £22/522 N—1 2 ! 22 1 gt
L +X0[SFr ()™ + 122G + Xy [ 1}
0 0 (T~'%)
il | (421)
Lop(T™7) o (T7)
From (4.12) we have
1
T=TLERT + - (MLSET + ThERGL + GHERT)
+op(T~172), (4.22)
implying
0= (%) 'SF(ER) " + Gl + TG + op(1). (4.23)
When (4.23) is used in (4.21), we obtain
I . _
- 0 ﬁs&(zﬁ) :
SarxG2G; = +
' 0 Yy 1T H 1 S22 (x22 y-1
7In IT e (5xx)
1
0 o,(T™2
+[ o 1) . (4.24)
op(T™") 0)(T72)

This gives us (4.4). [
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5. Discussion

Let us compare the asymptotic distributions of the LS and RRR estimators.
The asymptotic distribution of the LS estimator can be expressed as

. (5.1)

T(Yh—Yn) VT(Tin-Yu)| ¢ [July' SHAER) !
A A —_—
T(Ty —Y2) VT(Ty—Yy) Il SIEER) !

The limiting distribution of T (f 11 — Y1) is the distribution of J lllfll, while
the limiting distribution of T ('IA‘,I(] —Y4;) is 0. The limiting distribution of
T(¥21— Y1) is that of Jy I, while the limiting distribution of T(¥; — Y1)
is Jz.llfll. The distribution of J,.; is more concentrated around 0 than that

of J1. For each method the estimator of Y., is superefficient.
In the original coordinate system we have

0

A 1
B, —-B=_(Q)"' B .
T [_Z%VIW(E}/I}W) laI]J»IIle/l

+\%s;,3(2§5()-1§z; + [o(T™1),0(T~?)] (5.2)

and
VT(B, -B) S S (2%) 7'
- SZYQZ(QZZYYQQ)_IQIT (5-3)

Note that the limiting distribution of v/7(B; — B) is the same as the limiting
distribution of v7(B — B), but the terms of higher order are different.

The asymptotic distributions developed here do not require normality of
the disturbances. In this regard the RRR estimator does not require stronger
conditions than the LS estimator. This is in contrast to the fact that the
asymptotic distribution of G,, a factor of Y, does depend on normality of
the disturbances.

Johansen (1995) gave (5.3) in Theorem 13.7, but he did not evaluate the
term of order 1/7 in (5.2).

In the usual regression model (1.1) the two matrices /7' (¥, — ‘I’) and
VT (‘I’ ‘I’) agree entirely except for the upper left-hand corner of (‘I’k -¥)
being 0 (Anderson, 1999). However, in the usual regression model the trans-
formation to canonical variables U=A’Y, V=I"X yields an error vector
W=A'Z=U — ¥V with uncorrelated components whereas here the trans-
formation AX, =Q'AY,, X,_; =Q'Y,_, yields an error vector W=Q'Z, =
AX, — ¥X,_, in which £}, may not be 0.
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6. Higher-order processes

Now we consider an AR(m) process

Y, =) B)Y,_;+Z. (6.1)
=1
If the roots Ai,...,Ap, of
A" — "B — ... —B,|=0 (6.2)

satisfy |4;| <1, j=1,..., pm, (6.1) defines a stationary process. If 4;=1 for
one or more values of j, the process is nonstationary. The model (6.1) can
be put in an “error-correction form”

m—1
AY,=IY, .+ Y LAY, ;+ Z, (6.3)
J=1
where IT=37" B, ~Tand I,=-3"" . B, i=1,....m— 1.
Let the multiplicity of the root ;=1 be n, and define k=p — n, so
M=-=M=1and |4 <1, j=n+1,..., pm. Assume Condition A. Then

AY, and Q)Y, can be given initial distributions so that (AY,,Q)Y,) is sta-
tionary (Anderson, 2000), and the rank of II is k. See also Johansen (1995).

The model (6.3) is of the form Y=A,V, + A,V, + Z with Y replaced
by AY,, A1 by H, Vl by thl, A2 by (Hl,...,Hm,l):H and V2 by
(AY,,...,AY;_, ) =AY, ;. Then the parameters can be estimated by re-
duced rank regression (Anderson, 1951). In the definitions of the LS estimator
of IT (2.3) and the RRR estimator (2.6) AY, and Y,_; are replaced by

AY, = Say /S5y sy AYi-1, (6.4)
Yio1 =Sy S5y 4, AVt (6.5)

The asymptotic distribution of the canonical correlations and vectors has been
given by Anderson (2001a) and of the correlations by Hansen and Johansen
(1999).
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