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Abstract

A simple condition is given for the first difference and some linear functions of a cointegrated
autoregressive process to be stationary.
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1 Introduction

A p-dimensional second-order autoregressive process {Y;} defined by

Y:=B1Y:1+B2Yi o + Zy, (1.1)

where Z; is an unobservable innovation with £Z; = 0 and £Z,;Z; = X, may be stationary if the
roots Aj, 4 =1,...,2p, of |B()\)| = 0, where B(\) = A\2I — AB; — Bo, satisfy [\;| < 1, i =1,...,2p.
If one or more of the roots are 1, the process is nonstationary, but some order of differencing will
yield a stationary process. If some linear functions of a nonstationary process are stationary, the
model is called cointegrated. The purpose of this paper is to give a simple condition on B; and B,
to ensure stationarity of the differenced process AY; = Y; — Y;_; and these linear combinations
of Y; and provide a direct proof. We call a process defined by the equation (1.1) stationary if it is
possible to assign a distribution to (Y_1,Y) such that (1.1) generates a process Y;,Y5,... that
is stationary. Throughout this paper it is assumed that n of the roots are 1 and the other 2p — n
roots satisfy |A;| < 1.

An “error-correction form” of the autoregressive process is

AY; =Y+ I1AY g + Zy, (1.2)
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where

I=B;+B;-1=-B(l), II, =-B,. (1.3)

Johansen (1995, Theorem 4.2) has shown that AY; and the cointegrated linear combinations
of Y; define a stationary process if a certain condition (to be given later after more quantities have
been defined) is satisfied. In this paper we give a simpler condition and prove it more directly. The

generalization of the theorem to an autoregressive process of arbitrary order is stated in Section

3.3.

2 The theorem.

Condition A. There are n linearly independent solutions to
W'l =0, (2.1)

where n is the multiplicity of A = 1 as a root of the characteristic equation |B()) = 0.

Let the solutions of (2.1) be assembled into the matrix Q; = (wy,...,wp); then Q{TI = 0 and
the rank of ; is n. Note that (2.1) is equivalent to w'B(1) = w. This assumption implies that
{Y} is I(1) (as will be seen later).

Theorem. Suppose Condition A holds. Then the rank of IT is £ = p — n, and there exists a p x k
matrix €25 such that

QLTI = Y02, (2.2)

T, is nonsingular, and Q = (4, Q) is nonsingular. Define

X1, QY Wy Q. Z,
X; = = , W; =

Xo QY W Q7
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Then AXyy, X constitutes a stationary process.

Proof. Let Q) = (Q7,,95;), where ©1; is nonsingular, and IT' = (I}, IT}), where II; is k x p.

(The rows of £2; and the columns of IT can be ordered so that £2;; is nonsingular.) Then Condition
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11,
0 = OI1 = (07, Q) = Q1 II; + 5,11, (2.4)
II,
Hl = —( ,11)_191211—.[2, and

—(Q7,) 710

=
I

IL,. (2.5)

Define 2, = I} (p X k) and
— (1) 712,
Yoo =1l . (2.6)
I

Then (2.2) is satisfied. Note that Yo (k x k) is nonsingular, that is, of rank k, because if Y9
were singular there would exist a k-vector «y such that 4’ Y9s = 0 and then 4'II; would be another
left-sided characteristic vector of II associated with the root 0, but that would imply more than n
independent vectors satisfying w'B(1) = w' and hence more than n zeros of |[B()\)| = 0 at X = 1,

which is contrary to assumption.

The matrix Q = (21, €22) is nonsingular because

I 0 Q1 IIH 0 II .
|Q|= = =|Qll| '|T22| # 0. (2-7)

"92191—1]L I 29 '22 0 T/22
Hence (2.3) is a nonsingular linear transformation.

The transformed process X; satisfies the autoregressive model

X=X 1 + 82X 0+ Wy, (2.8)
AX; =YX 1+ T1AX, ; + Wy, (2.9)
where
¥, = Q'B(Q)7L, T, = O'By(Q)7}, (2.10)
T, = QI Q) =@, (2.11)




0 0
T = QUO)! = 4+9,-1 = : (2.12)

0 Yo
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Partition each of the coefficient matrices ¥, Wy, X, X, into n and k rows and columns. Then

from (2.8) to (2.12) we obtain

AXyy O || Axy,, 0o v || AXy, Wy
= + + (2.13)
Xat Tg‘? T%’ X941 0 \I'S‘;) Xot—2 Wy
as generating the process { AX],, ’2’t:1}. Let Xjo=X;-1=...=0and Wy y=W; ;1 =...=0.

The characteristic polynomial of {X;} is

AL AT+ TP 4+l el 9@
L — ATy — By = 11 11 12 12

Ao+ TH) + P 21— el - o)

A-1EI1-7)  —awl) - e®

_ (2.14)
~-nry ey - ef)
1 1 2
N ()\ 1)n AL - ‘rgl) _A‘I,(IZ) - ‘I,§2)
xf) e ae - e
The characteristic polynomial of (AXY,,X5,)" is '
1 1 2 1 1 2
2r-ard) el - e | M rh  el) - el | 215)
A - awl) - o) -y xr-awl) - el

The factor (A — 1)™ has been replaced by A™; the zero of 1 of multiplicity n has been replaced by

the zero of 0 of multiplicity n. Thus all of the zeros of (2.15) are less than 1 in absolute value. B
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3 Discussion

3.1 Johansen’s condition.

Johansen (1995) uses the error-correction form (1.2). Denote the rank of IT by r. Then II can be
written as XX = af’, where o and /8 are p x r matrices of rank r. Let «; and B, be p x (p — 1)
matrices of rank p — r such that o/, @ = 0 and §/ f = 0. Then Johansen’s condition that AY; and

'Y define a stationary process is

Condition J.

rank [0, (I+B3)B1]=p—r. (3.1)

The orthogonality conditions of o) and B are equivalent to o/, II = 0 and II3; = 0. Hence,
o). consists of p — r left-sided characteristic vectors of IT corresponding to the characteristic root
of 0 and B consists of p — r right-sided characteristic vectors corresponding to the root of 0. Thus
By is 1 multiplied on the right by a nonsingular n x n matrix withn =p — .

We shall show that Condition A implies Condition J with n = p—r. First, Condition A implies
that the rank of Il is p — n = r (= k), which implies that II = a8’ for a (p X r) and 8 (p x r) of
rank r. Hence B, is of rank p — r = n. We can take a; = ; and hence Xy; = o/, Y; and « is the
first factor in (2.5). The second factor is ' = IIy = 5, and Xy; = B Y. Then = (e, ) and

Q= (a, ,31) and

o (I+By)BL =1-1), (3.2)

Anderson (2001a) has shown that I — Hgll) is nonsingular under Condition A. (See Anderson
(2001b) for more details.) The conclusion is that Condition A implies Condition J. Either condition

implies that (AX];,X%;)’ is stationary. Note that Condition A is stated in terms of one matrix

while Condition J is the produce of three matrices.




3.2 Higher order autoregressive processes

g
Let Y, satisfy
Y:=B1 Y 1+...+BnYrm+ 2y, t=1,2,..., (33)
with Yo = ... =Y_p41 = 0. Suppose the root A; of |B(A)| = 0, where
B(A\) =X"I-)\""'B,—...— B, (3.4)
satisfies \; = 1 or |A;] < 1,4 =1,...,mp. An error-correction form is
m—1
AY, =Yg+ Y IGAY, j+ Zy, (3.5)
=1
where
J
;=% B;-I, j=1,...,m-1, (3.6)
=1
m
II=> B;-L (3.7)
i=1

Then IT = —B(1). It is assumed that A = 1 is a root of [B(\)| = 0 of multiplicity n < p and the
other pm — n roots satisfy |\;| < 1.
For the generalized theorem assume the existence of €2; (p x n) of rank n satisfying (2.1). Then

the conclusions of the theorem in Section 2 follow. The proof follows the pattern of Section 2.

3.3 Inference

The models (1.3) and (3.8) have the form
Y =BiXy + BoXoy + Zy, (3.8)

where B is of rank k. The maximum likelihood estimator of By is the reduced rank regression

estimator introduced by Anderson (1951) and applied by Johansen (1988), (1995), who gave some

asymptotic theory suitable for the cointegrated model. Anderson (2001b) has given more details.
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