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The study of the large-sample distribution of the canonical corre-
lations and variates in cointegrated models is extended from the
first-order autoregression model to autoregression of any (finite)
order. The cointegrated process considered here is nonstationary in
some dimensions and stationary in some other directions, but the
first difference (the “error-correction form’) is stationary. The
asymptotic distribution of the canonical correlations between the
first differences and the predictor variables as well as the corre-
sponding canonical variables is obtained under the assumption
that the process is Gaussian. The method of analysis is similar to
that used for the first-order process.

ointegrated stochastic processes are used in econometrics

for modeling macroeconomic time series that have both
stationary and nonstationary properties. The term “cointe-
grated” means that in a multivariate process that appears
nonstationary some linear functions are stationary. Many eco-
nomic time series may show inflationary tendencies or increasing
volatility, but certain relationships are not affected by these
tendencies. Statistical inference is involved in identifying these
relationships and estimating their importance.

The family of stochastic processes studied in this paper
consists of vector autoregressive processes of finite order. A
vector of contemporary measures is considered to depend
linearly on earlier values of these measures plus random distur-
bances or errors. The dependence may be evaluated by the
canonical correlations between the contemporary values and the
earlier values.

The nonstationarity of a process may be eliminated by treating
differences or higher-order differences (over time) of the vec-
tors. This paper treats processes in which first-order differencing
accomplishes stationarity. The first-order difference is repre-
sented as a linear combination of the first lagged variable and
lags of the difference variable. The stationary linear combina-
tions are the canonical variables corresponding to the nonzero
process canonical correlations between the difference variable
and the first lagged variable not accounted for by the lagged
differences. The number of these is defined as the degree of
cointegration.

Statistical inference of the model is based on a sample of
observations; that is, a vector time series over some period of
time. The estimator of the parameters of the original autore-
gressive model is a transformation of the estimator of the
(stationary) error-correction form. In the latter, one coefficient
matrix is of lower rank (the degree of cointegration). It is
estimated efficiently by the reduced rank regression estimator
introduced by me (1). It depends on the larger canonical
correlations and corresponding canonical vectors. The smaller
correlations are used to determine the rank of this matrix.
Inference is based on the large-sample distribution of these
correlations and variables.

The asymptotic distribution of the canonical correlations and
coefficients of the variates for the first-order autoregressive
process was derived by me (2). The distribution for the higher-
order process (that is, several lags) is obtained in this paper,
using similar algebra. Hansen and Johansen (3) have indepen-
dently obtained the asymptotic distribution of the canonical
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correlations, but by a different method and expressed in a
different form.

The likelihood ratio test for the degree of cointegration that
I found (1) is given in Asymptotic Distribution of the Smaller
Roots; its asymptotic distribution under the null hypothesis was
found by Johansen (4). To evaluate the power of such a test, one
needs to know the distribution or asymptotic distribution of the
sample canonical correlations corresponding to process canon-
ical correlations different from 0. See ref. 5, for example.

For further background, the reader is referred to Johansen (6)
and Reinsel and Velu (7).

The Model

The general cointegrated model is an autoregressive process
{Y,;} of order m defined by

Y=BY + - +B,Y, ,,+Z, [1]

where Z, is unobserved with €Z, = 0, €Z,Z; = X7z, and
EY,—iZ;=0,i=1,....Let B(A) = A" — A" By — -+ - — B,.
If the r00ts Ay, . . ., Ay, Of [B(A)| = O satisfy [\ < 1, a stationary
process {Y,} can be defined by 1. If some of the roots are 1, the
process will be nonstationary. In this paper, we assume that n
(0 <n < p) roots of [B(A)| = 0 are 1(Ay = -+ = A, = 1), and
the other pm — n roots satisfy [\;| < 1, i =n + 1, ..., pm.
The first difference of the process, the “error-correction”
form, is

Y, —-Y,_, =AY,
:HYt,]+H]AY[,1+"'+H”I,1AY,M+1+Zt
=Y, , + MAY, | +Z,. 121

HereH=B1 + .- +Bm —-I= _B(l),Hj= —(Bj+] + -+
Bm),j = 1, R (e 1, 1=[ = (H1, e, Hm—l)y andEYt_l =
(AY -1, ..oy, AY—pi1).

A sample consists of T observations: Yy, . . ., Y7. Because the
rank of Il is k, it is to be estimated by the reduced rank regression
estimator introduced by me (1) as the maximum likelihood
estimator when Zy, . . . , Zy are normally distributed and Yy, Y1,
..., Y_,,+1 are nonstochastic and known. The matrices I, . . . ,
II,,—; are unrestricted except for the condition [\ < 1,i =n +
1, ..., pm. The estimator depends on the canonical correlations
and vectors of AY, and Y,-; conditioned on AY,_q, ...,
AYt*rnJrl-

Define

A‘A(;r AY, - SAY,‘&YSX}I/,AYAYt -1

V)= Yo SiavSiynAY, 1,
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where Say,ay = 7! 2: 1 AY: WAY/_1, Sayay = T7' 3L
AY,AY, 1, and Syay =T~ 1 E, 1 Yo 1AY, 1. The vectors AY
andYt ; are the sample residuals of AY,_;and Y, 1regressed on
AY,_;. Define SAYAY = 7113, AY*AY+ = Savay —
SAYAYSAYAYSAYAY, SAYY =T7T! ET AY+ = SAYY -
SAYAysAéAYsAy, and Syy = T°!' =T, Y- 1Yl L= Syy —
SY AYSAY AysAy Y, where SAY AY — =T ET 1 AY,AY,, SAyy =
T-13T  AY,Y, ,, and Syy = T"1 ST 1 Y,—1Y/—1. The sample
canonical correlations between AY," and Y,", and variates are
defined by

‘S;; SAYAYSZKY rzsyy - 7 [3]

S5 arSivarSay sy =P85y, Y85y =1 [41
More information on canonical analysis is covered in chapter 12
of ref. 8. One form of the reduced rank regressmn estimator is
H(k) = SAy a0, where T = (9,41, - . ., 4) and << rlz,

We shall assume that there are exactly n linearly mdependent
solutions to w'B(1) = 0; that is, »'Il = 0. Then the rank of Il
isp — n = k and there exists a p X n matrix ; of rank n such
that Q1II = 0. See Anderson (9). There is also a p X k matrix
Q, of rank k such that Q51 = Y,Q5, where Y, (k X k) is
nonsingular, and Q = (4, ,) is nonsingular.

To distinguish between the stationary and nonstationary
coordinates, we make a transformation of coordinates. Define

X \%%
OV =X, = [XL] » VL =W, = {Wﬂ ;

‘l’j = Q,Bj(ﬂ’)fl, ] =1,...
transformed to

, m. Then the process 1 is

X=vX_;+ - +¥X_,+tW. [5]

If we define Y = ¥, + -+ + W, — I = Q’H(Q’) LY,
I W= QIQ) LY = (Y, ..., Y1), and AX[ 1=
(AX/-1, ..., AX/—n+1)’, the form 2 is transformed to

AX,=YX,_; + YAX,_, + W,. [6]

Note that Y = dlag(O Y?2).

Define AX,", X" |, Sax,ax, Sax.ax, S%.5x% Sax.ax SAX x> and
SX v in a manner analogous to the definitions in the Y-
coordinates. The reduced rank regression estimator of Y is based

on the cagonical correlations and canonical variates between
AX;" and X;" | defined by

At As-l
|S5(,AXSAXAX

At ag-l
S}'(,AXSAX

Soex—rSid=0, (71

xS k8 =188 g8;58=1 (8]

The estimator of Y of rank & is Y(k) = SXX vG2G5, where G, =
(8i+1,...,8)and g is the solution for g in 8 when r = r;, the
solution to 7 and 7y < - - - < r,. The rest of this paper is devoted
to finding the asymptotlc distribution of {g;, r;}. Note that Y ), =

QMg (Q)
The vectors AX = AX, — Sax, AXSAX axAX;_; and X, =
X;-1 — Sy, AXSAX AXAX; 1 are the residuals of AX, and X,

regressed on AX,_1, and ry is the maximum correlation between
AX;" and X, 1, which is the correlation between AX; and X;_;
after taking account of the dependence “explained” by AX,_;.
The canonical correlations are the canonical correlations be-
tween (AX;, AX;-1) and (X;—1, AX,—1) other than *1.

The Process

The process {X;} defined by 5 can be put in the form of the
Markov model

Anderson

Xt \I’I l1’2 lI’mfl \Ifm Xt*l Wl
T R N PN
X mid) LO 0 ... 1 o]x ] [o

[

(section 5.4, ref. 10). Multiplication of 9 on the left by

L, o ]+[ 0 0]
L0 —Lpm— Ln-1 0

yields a form that includes the error-correction form 6

X, | [Y+I Y, Y, ... Y, 5 Y,
AX, Y Y Y, ... Y, > Y,
A= 0 10 o0 0
AX, ol 0 0 o0 ... I 0
X -1 W,
AX, - W,
AX!_Z + 0 . [10]
Ath.erl 0
The first n components of 10 constitute
Xlz_Xl,t—l
m—1
Z[Y“(Xlt i Xq- ]—1)+Y *(Xa, - X0 1)]
j=1
+W,. [11]

Here Y; has been partitioned into n and k rows and columns.
Assume X10 = X1,71 = . = 0 and Wm = W1 -1 = ... = 0
The sum of 11 fort = — tot =sis Xj, = 1 11 [Y Xls_j
Y/*Xo,j] + ==, Wy, or

m—1
I- 2 lel)xls

j=1

m—1

-3

i=1

J
lel E AX],S —i

i=1

Jj
E AXZ,S — i) -

i=2

YJ'IZ(XZ,A' -1

+ > Wy [12]

=1
Write 12 as

X =T 2 Wy, +HX,_,, [13]

t=1

where I' = (I — Y”) I T~ 'H is a linear combination of
Yi,. ..., Yu-1, and X, = (ng, AX;)’. [The matrix on the
left-hand side of 12 is nonsingular because otherwise there would
be a linear combination of the right-hand side identically 0.] The
right-hand side of 13 is the sum of a stationary process and a
random walk (Z7_; Wy,).

The lastpm — n = k + p(m — 1) components of 10 constitute
a stationary process satisfying

X, =YX _,+W, [14]
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where X = (X5, AX]), W} = (W5, W}, 0), and Y consists of the
last pm — n rows and columns of the coefficient matrix in 10.
Note that the first n columns and last pm — n rows of that matrix
consist of 0s. Because the eigenvalues of Y are less than 1 in
absolute value (9), X =3, YW, &X =3 =3,
YsSnY's, eXX; , = Y'3. The covariance ¥ satisfies

S=YIY + Sy [15]
Given Y and 2y, 15 can be solved for 3 [Anderson (10), section
5.5]. Further we write 13 as Xy, = I' i_o Wy, + H Z/_,
YsW,_,. Then

EX Xi, =S, + T2, (- Y A - Y) '/
o - 1 ’
+HI-Y)'a-Y " Hz,, I

+H D, Y, Y H
s=0
~ M + T2, (0 - Y) 7 'H
+H(I-Y) '3, " + HSH'
since I — Y — L. Here 6W1tWt EWW is the second set of rows
in $yw. Then T-1eSYy = 772 31, Xy Xl — 270,17
because =/, t = T(T + 1)/2. Further

t ©

8

e Xi=¢T 2 W, +H 2 YW, | 2 W
s=0 s=0 r=0
1 YUl N7\ — S
=T, I-Y"*"HI-Y)"'+HS
- I3, (1-Y) ' +HS.
Define

AX, = AX, — Sy ix¥ iy ixAX - 1,

Xt+—1 t*l 2 EAXAXAthl’ [16]
where Saxax = EAXAX,_ 1, Zx.ax = EX,—1AX/_; depends on
t, and 3ax.ax = EAX,—1AX/_; does not depend on ¢. Note that
AXJr and X;", correspond to AX;" and X" | with Sax.xx, Sx.ax
and Six,ax replaced by 2ax. ix, 2}, ax and iy, Ay, respectively.
Then 6 can be written as a regression model

AX =YX, | +W, [17]

with €X,;" ;W/ = 0. Note that this model has the form of 2.10 in
Anderson (2).
From 16 and 17 we calculate

0

, 0
EAXAX = [0 YzzzjrgZYzz'] + 2w = EXX,AX,
XX

0 0
EAX, X[_l {Yzzz)fag(l Y222§2]=22X,X’

+ 122 2yt
€X2,t71X2,t—1_2;{X EXAXEAXAXEAXX E

The process analogs of 7 and 8 are
25 ax¥ix

wZaxx P 2xe =0 [18]
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Sy =2y Yigy=1  [19]
These define the process canonical correlations and variates in
the X-coordinates.

Sample Statistics

The canonical correlations and vectors depend on Sk AX, AX> Sk AX. X
and SXX, which in turn depend 0n the submatrices of Sxx, Sx, ax,
and Six. ax (equivalently Sy, Skx, S). The vector X, satisfies the
first-order stationary autoregressive model 14. The sample co-
variance matrices SXX, SWX, and Sy are consistent estimators
of 3,0, and Sy, and Syy = VT (Sxx — 2), Six = VT Swx,
Shw = VT (Sww — EWW) have a limiting normal distribution
with means 0 and covariances that have been given in refs. 2
and 11.

Let W(u) be the Brownian motion process defined by 72
E[T“] W, > W(u). Define I;; by

1 : a1
72 2 WW, - f W (@)Wi@du =1y,
0

t=1rs=1

See Anderson (2) and theorem B.12 of Johansen (6). Define
Jj1 by

1 T t—1 d
- 2 W, 2 Wi —

t=1 s=1

J dW(u)W](u) j]a ]: 17 2.
0

Then T 1S —> FIHF’ by 13 T 1SXX
Schwarz 1nequa11ty

We shall find the limit in distribution of $3% from the limit of
Si+ by using equation B.20 of theorem B.13 of Johansen (6). A
specialization to the model here is

0, and the Cauchy-

t—1

T
d
Z XD Wi, —>1-Y)"!

s=1

-1
- EWW’

'ﬂ \

1
J AW@)Wi(u) + 30,
0

where W(u) = [Wz(u) W (u), 0]'.
(IL,0), ¢ = (0,Y'), e/ = (Wi, W), and Q = Ege,, V, =

[In theorem B.13, let 6; =
X..] Then

1 T
Six = ;E X Sy

J' AWWW, () + 32 ]F’

+3H = (1 — V) '[Jh, I51, 351, 0) + 3,07 + SH'.

Because {X,} is stationary, 7! Ethl w.X,_; & 0 and

sl g2 4 I
Now we wish to show that AX," and X,", lead to the same
asymptotic results as AX;" and X, ,. First note that 7~ !SY%
I'l;I" and T~ ! times any other sample covariance converges 1n
probability to 0. Hence 77183+ % I'I;;I” and 771834 <4
FIHF Because {X,} is stationary, {er} is statlonary, and SJr22

By ¥322 812 Py 3122 Moreover Syy = T(S 3) has
a limiting normal distribution. Expanswn of Sy#* and S3#

in terms of the submatrices of Sty shows that SJ”‘22 and
$¥%** have the same limiting normal dlstrlbutlon (See Asymp-
totz]c Dtstrlbutzon of the Larger Roots.) Finally, T —'/ 2S+21 250 and
/ZS ' 2, 0 because S¥y, SX Aix> Six,Ax, and SAXX and hence
have finite limits in distribution.
From 17 we find that phmT%wSAXAX = phmT%wSAXAX =
EAX AX and

Anderson



+ 0 0 +
SAX,X’: YZZS;;)-Z(I Yzzs}_;g: +SW5{’

where Six = Swx — Swax2axaxYax.x which converges in
distribution to the right-hand side of 20.

As noted above, SJr21 4,82 which consists of the first k rows
of the weak limit of Si. Then

JnI’ 0
Szx,)’( g [Y225;2111+ I, YZZZ;()%Z] .
Asymptotic Distribution of the Smaller Roots

Let Q" = Sy ax Sax.ax Sax.ax- The n smaller roots of [Q* —
2S5 = 0 converge 'in probablllty to 0 and the k larger roots
converge to the roots of

+ -1 +
‘(EX,AXEZX,AX AX,)_()22

by the analysis of ref. 2. Let d = Tr2. The n smaller roots of |Q3,
— T71dSiz| = 0 converge in distribution to the roots of

r22+22‘ —

FJH(E ) 1J]1F’ dFI]Il-” Jl](2 ) 1Jll dIl]

T2

by the algebra used in ref. 2, section 5, resulting in the same
distribution as in ref. 2. The likelihood ratio criterion for testmg
that the rank of Yis k (2)is —2log A = —T =/ (1 — r7) =

di + o0p(1), the limiting distribution of Wthh was found by
Johansen (4, 6) and was given in equation 5.4 in ref. 2.

Asymptotic Distribution of the Larger Roots

We now turn to deriving the asymptotic distribution of the k
larger roots of |Q* — 72S%z| = 0 and the associated vectors
solving Q*g = r2Syyg. First we show that the asymptotic
distribution of r,zlﬂ, ..., 2 is the same as the asymptotic
distribution of the zeros of [Q3, — r2S%#?|. Then we transform
from the X-coordinates to the coordinates of the process ca-
nonical correlatlons and Vectors

Let R3 = diag(r2, ,, . .. ) and G, = (Glz, Gzz) consist of
the corresponding solutlons to Q* Gz = SXXG2R2 The normal-

ization of the columns of G, is GZSXXGz = I, that is,
I i
7S 7 VTG,
1= (\TGi», G5)| 4 [21]
SfZl S+22 G22
7Six

\

The probability limit of 21 shows that VTG, = O (1) and
G2, = O,(1). The submatrix equations in Q* G, = S;yG,R3 can
be written as

1 1 1 1

— 0ot —— 0o — =gt Jp gtz n2

TQ11 \EGlz + \/%Q12G22 (T Sty VIGi2 + \/77" Sty G22>R2’
[22]

1 ,
7 QTG + Qi = ( =S5z TGz + S;Q?GZZ)R%.
AY \
[23]
Because T’lQﬂ i>0, T-Qf, 20, T-'28382 20, 718341 &
I'i;I" and RS &R = diag(py i1 - - » py), the robablhty limit
of the left-hand side of 22 is 0; this shows that VTG, £>0. Then

the asymptotic distribution of Gy, is the asymptotic distribution
of Gy, defined by

Qz+2G22 = S;)%ZGzzR%, Gzzs;;szz =1, [24]
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where the elements of R3 are defined by |Q5, — r2S%#?| = 0. Note
that when \/TGIZ - 0 is combined with 23, we obtain Q;,G», =
Six°GoR3 + 0, (T772).

We proceed to find the asymptotic distribution of G, and R3
defined by 24 in the manner of ref. 2. Let

. 4 . w22 22 +22
Suvi= TSy — v S = TS: — 239
1 T
+4<221 _TT E 2# (Wi,
1 T
SW'I’Z.I E Wo, Wap, EZI/I%V%/ >
\/T (=1
where W,y , = sz (2 Wy, and EWaq Wha, = S50
- 3%, - 3y (2 W) 38y We expand VIQS, —

[EX,AX(EAX,AX) 3 Ax.x]22} to obtain
VTY?2(Q3 — [25 By an) 'Sk gl Y

o N22% 224,007 A —1Q#2:1,2:1 A — 1322 224027
Y232V 2A IS AT IR Y

225 2240227 A —1@+#2:1,2 4 —1§22:1
+ Y23 IZYACIS) PP A
+ 2221 1Yz22;(;2,2~1 A’1Y222§)—2(2Y22/

+ Y222 ;(52,2‘[22’ A—ls)j;;nyzz' + Yzzs§22 A—lyzzz ;(52(2\[22’

+ Y23 PY2A YRS IRy RA YRS Y2 4 (1),

[25]

where A = Y22333*Y22 + 3321 See equation 6.5 of ref. 2.

To express the covariances of the sample matrices, we use the
“vec” notation. For A = (ay, . .. a,), we define vec A = (a}, ...,
a;)’. The Kronecker product of two matrices A = (a;;) and B is
A ® B = (a;B). A basic relation is vec ABC = (C' ® A) vec B,
which implies vec xy’ = vec x1y’ = (y ® x) vec 1 = y ® x. Define
the commutator matrix K as the (square) permutation matrix
such that vec A’ = K vec A for every square matrix of the same
order as K.

Define C = (I, =3, AXZAX ix) and D = .?W(E L

0]. Then X5, = CX,, Wy, = DW,, DEWW 222 oy CE =

EXX o), J(k) =(L,0,1,0), I = (I,0), 3% = CEC' and X
= D3,uD

THEOREM 1. If the W, are independently normally distributed,
Siav=t, SEFY and SYi* have a limiting normal distribution
with means 0 0, and 0 and covariances

(I + K)(EZZI ® 2221

& vec SjEr  (vee STEL7!

[26]
Evec 8,7 P (vee S0 =257 @ 3%, [27]
& vec S;,';(z'l’z(vec SimEbEh =, [28]

6vecS~ (ve Sl —

I+KC QOMI-X D 'Cuw @ D @ D),
[29]

+*2~1,2),

€ vec S~ (V Sy —

I+K(CQOI-(Y QY] Y ® 3, D),
[30]
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€ vec Sy (vee Syi ) = (1 + K)(C ® C)
AI- Y QYV]'E ® %)

+ERIIHI-Y @Y -E @ HHC' ® C). [31]

LEMMA 1. If X is normally distributed with X = 0 and EXX'
=3, then € vec XX'(vec XX') = (I + K)(2 ® X) + vec X(vec
3)'. If X and Y are independent, € vec XX'(vec YY')' = vec EXX'
® (vec £'YY'")', € vec XY'(vec XY')' = EYY' ® XX, and € vec
XY’ (vec(YX')' = KEXX' ® €YY'.

Proof of Theorem 1: First 26 is equlvalent to the first expres-
sion in Lemma 1. Next vec Sj2 2 = T- 31 (X5, 1 @ Way )
implies 27 because X2 ,—1 and Wy,  are independent forr — 1 =
s. Similarly 28 follows. To prove 29, 30, and 31, we use the
following lemma.

LEMMA 2.

veeSyxy=[I— (Y @ )] [+ K)(Y ® Dvec Syx

- 1
+ vec Syl + o () .
"\ T

Proof of Lemma 2: We have from X, = YX,_| + W,

Syvx = YSzxY' + YSsw + SpuxY' + Sy [32]
Because Sxx — SXX = (1/T)(X:Xr — XoX§) and {X/} is a
stationary process, Sxx in 32 can be replaced by Sxx + _0p(1).
Then Lemma 2 results from 32 and vec YSxy = K vec SpxY'.

|

LEMMA 3.
€ vec WthQ,(VeC W2~1,twé~l,t) !
=T+ K% @ 321 + vec 372, (vec 3251).

Proof of Lemma 3: Write Wy, = Wa, + Sp(Shw
Then

1W1[.

& vec Wo, W5, (vec Wy Wi )’
= E{[War, + S0 0) ' Wil ® [Way, + 35530~
c(Wap, @ Way )
=I+KEH ® 37
+ vec ZFvec 25D + vec[ 2 i)

Wl

Sl vec 2550

from which the lemma follows. |

Proof of Theorem 1 Continued: Then 29 follows from Lemma
2, 26, and 28, and 30 follows from Lemma 2, 27, and 28 for X,.
To prove 31, use Lemma 2, 26, 27, and 10 to obtain

Evec 813 (vec S35 =(C ®@ O1— (Y ® V]!
[+ K)(Y @ DE ® L)Y @ DI+ K)
+A+K)Cpw @ Zyp)I- (V' @ YN]I(C ® C)

=I+K)(C ® OI— (Y ® V] '[(YEY' ® 2,1 +K)
+ Epw @ Syl — (¥ ® Y)]I(C' @ C).

Then substitution of = 2 — YEY' in 33 yields 31. [ |
Let E be a k X k matrix such that E'(Y22232°Y2? )-' =0 and
E'Y3E = I, where © = diag(8,+1, .. ., 6,) = R3(I — R3)"},

[33]
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R} = dlag(an, e, pp) and p7 is a root of 18 with 0 < p?2.,
<. < P Let Uy, = E'X;, Vor = B W_zt, Vii = Wy, Ay =
=y + D(E) M, = =Y, E = diaglE, I, ©
diag(,, B)], A = V(&) ", U, = &%, Cy = =)
Then {U,} is generated by U, = AU,_; + V,, where V, = W,
and Uy, satisfies U, = AU, + Vo, AU, = MoUsy, | + Va.
Multiplication of 25 on the left by E’ and right by E yields

VT[Mz(SU AUSAU AUSAU,[/)zzMé - R%G)]

+52:1,2

~R3S;7VPIRS + R3S, M1 - R3)

+(I— RYM,S; 77 'RE + RAMLS, "M

+ RIMLS P M) — RAMLS P MARS + 0,,(1).
[34]

THEOREM 2. If the V, are independently normally distributed,
S SiEh2, and SEEP have a limiting normal distribution
with means 0, 0, and 0 and covariances

€ vec S;3 (vee S22 = T+ K)I ® 1),

+32:1, 2(

evec S P vee 8,771 =My lOM ;! @ 1,

+32:1,2

Evec S, LIy =,

(vec S

Evec S~ (Vec S = 1+ K)(Cy ® Cy)
M-AQ A 'Jp ® Jw),
Evec ;i (vee 8127 = 1+ K)(Cy @ Cp)

‘I-(A Q@ A 'AIpM; 'OM'5 ! ® Jul,

+#22 +#22;

Evec Sy (vee Sg7) = I+ K{(Cy ® Cyp)

‘M- A @ A 'IM;'0M'; ! ® IM;'OM';Y)
+ (M, 'OM’; Ty, ® M, 'OM’; I )

- (A" ® A H(Cy ® Cp)

- M'eM’; ! @ My leM; L. [35]
Let Ly,—1 = MoUaz;—1(= E'Y??X,,-1). Then 34 becomes

T[(SL AuSAv, AUSAU’]:)Zz — R*(1 - R?)]

+#2:1,2 +*221

-R3S;T'RI+ R3S, I —RY) + (I—- RIS},

+ *22 + *22
+R3S;;

+8;77R3 — R3S, 77RS + 0,(1).

The covariances of the limiting normal distribution of vec
S;2121 ye S**ZI 2= (My® ) vec Si72 12, and vee S5122 = (M,
® M,) vec S;i* are found from Theorem 2. We write the
transform of 35 as

EvecS; ;P (vec $;77%) =1+ K)[@ (O ® 0) + (0 @ 0)®*
-0 ® 0)], [36]

where
T = (M,Cy ® MC)[I -

A @ NI IM; " @ IpM; ).
[37

Anderson



Let Hy, = (Mzg 1=~ 1G22 = B- (YZZ) 1G22] Then

Q22G22 = S G22R2 and GzstX Gy, = I transform to
LAV AUAU avu,i/)22H22 = EL 22A27 22977 Hpy = L
(ST St auSt )aHa = ST 2HHRE, H5S 7Hy =1 [38]
Because (SL AUSAU AUSAU L)22 % @Rz and S+22 @, the
probability limits of 38 and h” >0 1mply H22 2, @'
Define Hj, = VT(Hy, — ©~7?) and R3* \FT(R2 - R)).
Then we can write 38 as
0 'PO 2= 0 R} + Hy,R3 — R3H5, +0,(1),  [39]
H3, 0"+ 0H3, = -0 72072 + 0,(1),  [40]
where
P = —R3S;32'R3 + R3S,2 (1 - R)),
+(I - RIS, 7P'RE + R3S; (1 - RY).
LEMMA 4.
eI+ K)[(I— R} ® RivecS,;”"!
(vec 8,771 [(1 - RY) @ RI(I + K)
=I+K[R(I-R) ® RII+K). [41]
LEMMA 5.
e[(1-R3) ® R3vecS; ;7
{—(vec S} (R3 @ RY) + (vec S, > "'y
[(I-R35) ® R3I+K)}
*[R I - Rz) ® R ](I +K). [42]

Proof of Lemma 5: V\_/e use the facts that M, = A, — 1,
J(k)Mz AI(k) I(k) = (A - I)I(k), and (I + K)K =1+ K. Then
the left-hand side of 42 is

[(I-R3) ® RII+ K)(M,Cy ® MC)[I — (A ® A)]™!
[(AI(k) ® JuyM)I + K) — JpuM, ® JiyM,)]
-(M5'R5 ® M, 'R)
[(I-R3) ® R3]+ K)(MCy ® M,Cy)
M-A@ATHA® A-D]+[A-1) ® A]
~[A-1) ® A-D}Ig @ I)M; 'R ® M, 'R3)
—[I-R3) ® RII+K)(MCpy @ MoCp)(Iy ® Ie)
“(M;'R; ® M, 'R)),

which is the right-hand side of 42. |
THEOREM 3. If Z, are normally distributed and the roots of 18
are distinct,

EvecP(vecP) = (R ® R — [I— RI)R; ® R'Q)]
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+ T+ K[I-R3) @ RIP"O ® ©) + (0 @ O)d"']
[I-R3) ® R3]. [43]

Proof:  Theorem 4 follows from Theorem 2, 37 41, 42, and the
transpose of 42 and the fact that K(R3 ® Rz) [(I - R)®
RIK(® ® O)[(I — R3) © R3]. m

Note that 43 is equation 6.14 of ref. 2 with ®* replacing @.

LetE = E, 1 €i(e/ @ &), where &, is the k-vector with 1 in the ith
position and Os elsewhere. The matrix E has 1 in the ith row and i,ith
column and Os elsewhere. Define r* = (2%, ..., 112, )". Then

=Evec® PO

The matr1x E has the effect of selecting the i,ith element of
® PO~ and placing it in the ith position of r?".

THEOREM 4. If the Z, vectors are independently normally dis-
tributed and the roots of 18 are distinct, the limiting distribution of
r> is normal with mean 0 and covariance matrix

2[(1 — R’EDE'RS + RIEDH'E (I

- Ry)’]. [44]

In terms of the components of r> the asymptotlc covarlance
denotes the element in the lth row of the lth block of TOWS and
the jth column of the jth block of columns in ®*.

We now derive the llmltlng distribution of H22 = Hd + Hn,
where Hy = diag(/;,.1 1.1, - - h p)- From vec szRz = (R2
I) vec sz, and vec R%sz = (I ® R3) vec Hj, we obtain

VeC(H22R2 R2H22) NH22 = NH22, where
N=R ®D)-1®R)
:diag(oapi+1_Pﬁ+2’-~~9pi+1_P;>07~~,P£_P;7150)'

The Moore—Penrose generahzed inverse of N (denoted N+) has
a 0 where N has a 0 and has (p} — p; ?)~1 where N has (07 — p])
i # j. Note that NN* = (I®I) — E, ‘Where E = SE (8 ® &) (8]
® &/). The k? X k? matrix E is 1dempotent of rank k; the k? X

k? matrix NN is idempotent of rank k> — k; and E is orthogonal

to N and N*. 1
From 39 we obta}n vec H; = N* (@@ 0~ 1)Vec P From 40
we find Hjj = —® /2 dlagS+ 22 and vec H)=—- E@f lvec Si%.

THEOREM 5. If the Z, vectors are mdependently normally dls-
tributed and the roots of 18 are distinct, vec Hj, and vec Hy have
a limiting normal distribution with means 0 and 0 and covariances

N[I-R3) ® (I-R)|+N'[R;'I-R)” ® (I-R3)]
I+ K{P' 0O @ 0)+ (0 ® )Pt}

[RyMI-R)” ® (1-RYIN*
and
JE(O@' @D+ (07 @ NP0 ® 1
+(0"” @ N (O @ DIE,
respectively.

From G = Y?2'EH,, we can transform Theorem 5 into the
asymptotic covariances of vec G = (I ® Y2'=E E) vec Ha,.
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