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m A??LZQ&WIG& T ﬁ,{,» A
MULTIVARIATE %T&‘i‘l%‘i‘iﬁﬁ*

The well-known Wishart distribution (expression
{ 3%}') is the joint distribution of the sums of squares
end cross-products of deviations in samples drawn from
a multivariate normal population under the condition

that the expected value of esch variste remsins

same from observation to observation. The Wishart
distribution cen be considered as a gemerslizstion to
gseveral dimensions of the X 2 aistribution. In spother
sense the ’X‘Q distribution, first obtained by R. A.
mshw [1], iz & gezmmlimm of the X 2 gistribution.
mx 2 gistribution is the distribution of the squared

1 univariate normal populations,

deviations in samples from

ége:g;i»' of the Wi
sults which were obtalnet nfevendently

and aﬁ.ml%aual hy M. a. :mm.@x ané m pregsent

author. Some prel mnm results (of SectionTT) were

presented &wmw st & mesting of the Institute

gf m&amt cal Statistics at Wmmmwn, D. C., May
s 194k,




the expected value v&z@ym' from observation to observa-
put the verisnce remsining the same. In the present
paper we shall consider the simulteneous distribution

tion |

of the sums of squares and cross-products of deviations
of observations from mm& mlmvwmm ﬁiﬁ‘ﬁ:ﬁ“ﬁmti 18 ,
the expected values of which arve not ie%m%m&l from ob~
servation to observation while the population verisnces
and covarisnces are constant. 3uch & distribution
gould be conzidered as 2 g&mmﬁmﬁiﬁm of the Wishart
distribution to the non-central case, as well as &
gensralization of the 7( e distribution to »%@@m& vari-
stes. We shall fii%am% the general problem of finding
‘the distribution in question and shall derive this dis-
tribution for twoe particular cases. We shall start out

with the problem in its most general form and
sult of linear trensformstions express the distribution
- &8 & certain multiple integral. ' '

) can vepresent the expected values of the ob~

servetions

. , ' dimension equel to the
nmumber of varistes. If these points lis on a line, the
non-central Wishert distribution is essentially the




Wishart émwwumm mltigli@% by & Bessel funcilon;

if the points lie in & plane, 1t is & Wishart dlstri~
bution multiplied by an infinite serles of Bessel |
funetions. general the non-central Wishart dlstrl-
bution is a Wishert distribution multiplied by & funtion
gxpressed &z a multiple

of the varisbles which can be

inteprsl.

, , non-central Wishart dlstribution
permits finding certain other non-central distributions.
In particulsr we shall consider the non-central cases

of the generalized varisnce, the criterion for testing

roots of certaln determinantal

linear hypotheses end
agquatiocns,
Wilkas [2] suggeste

and coveriances &g & measure

variances
of observed points in the variate space and named E’mé
1ized variance”. He gave the

quantity the "geners

any mumbey of varistes end
sumption that
%ﬁa@ %g@@@@é mmé of esch vaprlate wes constant from
xiflc pairs

moments of this quantity fov .

sny number of observaetions unde:

obgervetion to cbservation., For certain spe




of such numbers the distributions were obtained. In the

present paper we give the moments for the cases of the

expected values of the variates lying on & line or on
& plane. " |

..‘whﬁ 1ikel 1)
" o0 cf wlbtearinte sumplos s Srem popilats
with the same means (sssuming
matrices identical) has been derived by Wilks [2] end
under the null hypothesis. Hsu
thet & large clsss of linesr hypothe

cod ratio eriterion for testing whether

the vwmmwmmwa

(3] has show

problem; hence the criterion and its moments &
We derive in this paper the moments of this
gpoted V&iﬁ@ﬁ in the

‘epiterion for the cese of the exp

opulations lying on & line or on & plane. This in-
nt to the power: functien of the
eriterion of the genersl linear hypothesis when the

formetion is releve

on & line or on & plene, Hsu
{4} hes given the asympbtotic @iﬁtﬁmﬁiéﬁ of m@_
eriterion. | |

alternstives are mesns




The obvious gﬁmnmﬁim of 'ﬁiﬁi«ﬁ test iz & test
of whether the population mesns éﬁ& 3.1@ on & line or on
- & hyperplene of certain dimensionslity. Fisher [5] on
. iﬁtmiti?@ grounds has maﬁwi & t@&t» We obtain the
| lﬁcmihﬁ r&m@ amwm on f@r t;m h@f}_)‘ﬁh@giﬁ end the
ihood estimates of the line (or hyper-

meximem 1lksl
plane). In addition a@m@ma are derived for several

%i@aﬂm ‘&m% of hzm:ﬁ@a mm vmmm Mmmmw

' ﬁmm@wa 5

The criteris are functions of the roots of certain

of the central Wishart distribution by Fisher [4] and
| ﬁgm {7] and in the linesr non-central case by Roy (8],

Heu [9] has also glven the limiting distribution in
the general non-central case. In the present paper we

demonstrate the lineer case by a different method
(analytic instead of geometric) and
dlstribution

dndicatigrtherexXact

in the planer cesze.




In this section we will state the
non-central Wishart distribution and

problen of the

hen simplify it.

each

- of p variates. let zm i-th (i=1,2,...,p) variste of

the o-th ( o =1 ,a,.“,m population be x, , ., the meen
of this mﬁma be

ﬁ@miﬁ@? & set of N multiveriate normel populations

- ECXM) /uw 212, p; «z;z,,..,/\/)/

and let izh@' mzﬂimwgvéx@;ma mabrix (of rank ,) f

esch distribution ‘k;w

”E—[C')Q,d M 6'1,;;%}04 /{Jo‘)] ” //

for all %, HNow cons :mer & sample of observations {xia}

Tel e ;alam»* The probebility element of

Tniess the meaning iguou 8ll not dig-
tizagawh iza. mk&tim mt%m ﬁaﬁ am@h&mm variate
and the observation.




the %, o ¢an be written as

L 5 o G A )
(2) n) 2 e | s X

where

We wish %t find the ;}z’:«*m‘%: éi@wﬁmmm of the

guantities

. - N . _
(3} : A = 2_ [Wis*xéxxjawxj)}
; " , x> '

whare

’”’m sample veriznces and w@'mmm% are malmgﬁ% (%33‘

_gﬂ»z wor—) of tm m&i

m m may be considered g3 sums of squares and
. @»ﬁ/wwpruﬁuﬁmg for tmm axists & linear tz*m@fammm*

Z 9&/5 X,ﬁ (-‘.’zl) 2‘/"'/ P))

p=1

* See, for example, [10].




where the matrix ||
A

"“’-qru = ﬁmw *J“W_“m

2,

By = Oy

whers n = N1 and

f

- f

For & glven o the x*i " mm & multiveriate normsl dis-
 tribution with the same varlances snd covsrisnces ss the
z%'s (because of the ortho

ues

N
_c) PE::I pLp = S ew s 2 )

Llet
» w s ’
Ty= Z fioflia

. x=|

Then it is clear that the T . are the ssme fu




of the M 's that the a; 4 ore of the x's, namel

o |

v o
| (&) /rb} =2 (/“L‘a"%c')( j&’)"?}'%

where

‘::UE,/L‘“'

ow consider the two p by p matrices
> = oyl

{heneeforth called the *sigme malbrix®),

be the resl, non-negative roota

tet K %, K zﬁ vees ng

of the determinantal equation



) | T-2%] = 0.

There exists & non-singular p by p metrix

/

@. A

{7} | '"fzf‘z I

and

‘ 20 ...
foz"t -

- (8) >

,«* ﬁ@%; fg g.i }.% 5 i .t 3 3 .

ey e




where I is the identity matrix and ¥ ' i the transpo
of ¥ . suppose the vamk of T 1s £ then t of the roots
of (3) are n

4 p~t are gero. For the sske of

convenlence we shall choose Kf, gg’, wews k;f to be non-
zayre yoots, If T is of renk t, then the means M a
1le :%31.@ t dimensional sub-space of %%w original

dimersionsl epsce. Iet us meke the trensformetion

J=

?ﬁff@ég 2.1 « &re zﬁ@mﬁy snd, because of relationship (7).
independently distributed with unit varisnces. The mean
valve of £, “tf‘ié
ol ‘o
E[?’"o‘): Z “P‘:j /M';o‘ - )/‘.“

)=t /

pay. As & result of (8)

. n a 2 N |
(10) ; Ve = 0 (6=02., p)
; . =

(. 4

~11=




{%1} ' pA \)“){’“:0 (Z#j),

In fact, V,, 15 zerc for i = tel,...,p. Let the new
sums of sgueres and crozs-products be

n
(12) b = Z 4,

W o gjct ‘

We shall fivet find the joint distribution of the by s ,3
and then oblain the distribution of the 8y 4 3 by using %‘*‘w
fact that the b, . 3 can be considersd simply a3 & im&r .
transformation of the 8y 4 ina zzj;g«gm) dimensiona

HPROE . ?w we can write @ij as

3 Z f- ‘K—h k?(ka,x;td

i =0 hh=

A

Jk.akk'

Z: ¥2k L
hh=(




e transformation (9) is performed on sll veristes
of ,m@h observation. The next trensformation, which is
the one that results in the standerd form of the prob-
lem, is performed on all cbservetions of sach variate.

We wish to construct the n by n matyiz of this trans-

£ =l bl

f%mtmﬁ

in the following

{18} : ‘PT’L = _\71.:‘_ Ca&:.l/,g“,/‘h/' )lzl/’?,-'v'é)

In view of (10) and (11)

L% .
= = £
Z %= dpy S=124)

= elowents

mkes § orthogonal.

where 5;1 is the Kronecker delte. The remeining

in I ars chosen in en




w
76«"’}%1 ¢ct,9 Z:-'Ie (¢=1,2 RN o B ad T A
Because I is orthogonal,

(15) b, =3 Yia Y}'

and the y's are independently normelly distributed. The

E()’w‘)" Z ¢up ’p’

For l=t+l,...,p this 1z zerc because Viﬁ 1 zero for
guch values of 1 . For 1 $t, we have

Ely,) =« Z PP 'f;p [‘525«2"7 t)
= K¢ S;td A

by the orthogonslity of £ . 1 other words, the ex-
ted value of each J, o 18 zero except for ¢ of the

=gl

"),




variates, namely,

Elym)=tq (1242,

How the problem can be stated in this form: Finé the
éﬁ,gtrﬁm@in of by J (given by (‘15‘}} when the probability
enslity function of the y's (in the standaré form) is

P h 2

6) : ! e-‘é_"% ;‘Z, (Yio&" ke fc‘a)
16 em— ¢ <

k) )

)

where "t R >

&,ﬂ,. ve3 &t are different from zevo

srid the
otherts are zero,

‘The solution of our problem is s multiple integral
of t.p variables. let
(‘ . i
be; = EM Vou Vi

Since the b*i 3 have the Wishart distribution with n-t
~ degrees of freedom (we assume n ) t+p) we can write the
- Joint probability density function of the bty 3 and |

axgm




“’Q‘;ﬁ; w&w?’t} &8

(1=t 32s0s2sD

- P ¢ rp 2
T B L3 Z (Yo -4y 0iy)
[ bl e p @ = U
Y YT AR 2E ‘
— 2 & ™~ 4 lz:lq( — b) (21?) =
Conaidering the squations
- = s 2 + 0
' <) L} "l”( YL'}\ Y) ‘)L
spmetion of the h’ 13 we immediately obtain
‘thﬂ mm«n probebility element of the b's
(i#?,ﬁ?,g‘.,§33\“3,%,;..,%} 88
¢+
(17) g ’P' ™ ”\l c gt

4
2% q/ ey, Eit T& l"' W tu-—;) ﬂ—?{b‘S?TWYa,*

i=

e

=16~




To find the distribu
that the matrix

l/ l’;,) _E' 75»1 X;’l ”

tion of the by j we mugt integrate
¢ of integration is such

is positive seml-definite. For ¢t = 1 or 2, we can in- |

i express the results in a convenient form.
However, for higher velues of t the integration affords

considerable difficulty
general case,

tegrete (17) &

and has not

However, in §7 we given an integral rep-
regentation of the general non-central Wishert distribu-
form of the functlion.

try the case € = 1 ig the case in

tion which shows more ¢learly the

In terms of geome

lie on &

which the expected values of the cbservetions
line in the p dimemsional spece. In the case of t = g,
ﬁmﬂaﬂ? ‘%iaé "mw %&lﬁ@fa lie & plane in this

| Hence, we shall c¢all these two cases the linear

and planar cases, respectively, Indeed, t will be caslled

‘the renk of the distribution.




The K ‘s cen be given & g'trw interpretation,
Suppose the matrix Z is the identity; that is; the
original distributions are sphericel. If t = 1, K2
iply the sum of squared deviations of the
ang (of the populstions) along the line. If t = 2,
K ,ﬁ is the sum of squared deviations slong one line i
the plane, and K 2 1s the sum in the orthogonal direc-

ig then siy

are chosen 20 that the

~ ;‘.sm of ¢ross-products vanishes. For g&/mig , the kK Zig
am m?itipl% by (Kﬂ) of the variences in f%ﬁ?%m ortho
onsl directions. If the matrix Z is 1 not t}w
,tm ‘w mmrka lé true in the

* tion where these two directions

In the 1linesr case there is one root of the amtian
and one set of y's, nsmely

, iﬁ} which is not equal to zero,
 one K in the distribution (17)
'yi;, S {4=1 ;@““,gb The problem is to integrate the Yi4
over the range for which the matprix |




I by~ Yo Y I

is positive semi-definite; the integren
in is | '

noEd cyr o
(18) [ b =veyi| * & ‘IT'JY;,

where the subscript “i" has been dropped fromthe K , and
¥y and the gswt of (1) not involving the y's has been
nt in expression (18) can be

neglected. The determina

expreszed ag®

lbsy-yoy, ) = Lbis ] (1= 2

&)=

b= b

| bd Y, X,)/

where

¥ Vor exempie, see [12], p. 237.

»—‘tﬁw



The inverse exlsts with probability one because the prob-
ablility is zero thast J-i?i%ijll iz singular. There iz a
linesr transformetion |
7(‘325.
J

» v u'

-
-
=

~such that

£ P
2 bJYcXi = Z “f1

= J=1

where | ? 1s the one non-zero root of the equation

(19) leEll "15~|[:0

J

~20~




end E,, is the matrix with unity in
the upper left hand corner and zeros elsewhere. This

faet is & vesult of the well-known theorem concerning

ﬁi&gﬁﬁﬁlﬁf&ﬁi@ of pairs of ¢

sdratic forme .2 The
Jacobian of this transformation is

It = byl ™

‘and the renge of integration 1s 2;’ “
‘-
The integra;

ngd 18 transform

gd into
n-p=t n~p2

2 7 r
Ib;jl (“é“c‘z) € ﬂ-‘[“[

How let

| U, = Sth W

u" - CﬂSW V‘..

{ cc:l’ 3/ v P)c

The trensiormetion is the so-cslled "regression

a».a’f«.



The Jacobian of this tremsformation is cosPw and

a : 2 .‘ .P~‘
| -2 u, = cos"w (I-Z V,_-l)‘

i
The integration s over the ranges of -T72 & w17/
and 5: v,-_" s ] . We integrate the following
=

pression

The integrel of the qus
gimply & Dirichlet integ

[(23#) =%
R ———— T T .

[(*F)
The integ

gral of the expression mm the braces 1s &

ntity within the brackets is
- E?&}

end its value is

muliiple of a Bessel fmm@ of pure

*ﬁ @;m




115, p. ?9]3 ah |
(%) =

Hence, the integral of (18) is

n=p-l . n22 |
(20) “’éj’ ) ['(2£) 7”%(7/2) Ib.;;t (7)

Multiplying equation (19) by the matrix |lb jik one can
easily show that the non-zero root, | 2, is simply £ ? b
b1lity element of the by i in the linear

11°

case then is

=

2 "3:.5.'-' _ £ b
(21) et [b;] e ¥

(k*by,) I__,}(Kft?,,’)f
= |



In § 5 we shall give the distribution inm terws of the
original varisbles, nsme

The case of two non-zero roots of eguation (5) can

be handled by continuing the process of integration of
§ 3 another step. The essentlal problem 1s the integration
of

h-p-3

2 2 lcllYu +K2 Y22
(22) “’a,' ‘%'an‘/j,‘) e

over the range of y's for which the matrix

” | bo) "_%', 7611 Yj;«.\ ”
i3 positive semi~definite. The integration is done

two steges, first with respect to the ¥yq» then with

#Qh‘*



respesct to the Yoy Let

‘éiﬁmittmg for the time being
KaYaa TF_.
(23) € N 4y, 2
A =
we can write the first stage of the integration of (22)

| o wop=2 £y
(28) g “‘c; w7278 "‘ e’l " 7%’17:
. ' L=



over the range Hﬁi i %}%}H positive seml~definite.
However, the only difference between this snd the integra
tion of (18), is that we are now writing all varisbles
with " ~ * gignes. Hence, the integral of (2k) is (aai

back agein to our other varisbles of § 4 and
gain (23), we can write the first stage of the integra-
tion of (22) as

-pa L =
(25) F(LE-‘-) “"'%sz")‘.:z)’;al 2

N -

W Ay

f ¢ v 4 _ |
- [Kz (h:ﬁ)’:a)} J:%-} (\/K—?L“-&'a)(l;)j J)"-a )

Wow we must integrate (25) with respect to the y,, over
the range m;&i 3 31@3*5%57 positive semi-definite. The

o &ém




determinant in (25) can be written ss
L P L';j
b 1(i- = b7v,Y,),
7 Il

There 13 & trensformation®

P
Yez

B
™
o0
Iy
R

(26)

such that
‘ p

iy I
Z v — Z i
}.‘.”. s

7=
2.2 2
(27) K y. = f 5

KaYer = 4,5, +¢13_52_}

¥ Agein the "regression transformation

* (18] is used.




non-zero root of the equation

where fg iﬁﬁhﬁ one

w g, -AE =0

where ﬁ**";@@,gg, are used as in equation (19). Since
this equstion is similer to (17) we know that £% = K,® b, .
The velues of d, snd d, will be considered later. -
' educed from en extension of the theorsm con
cerning the disgonalization of pairs of quadre
which can be demonstreted ss follows

~ The theorem on diagonalization of que

tic forms

dratic forma

~ states that there is & transformstion

such that




where £2 ig the non-zero root of (28). Then we have

p
Kz Y2 "’"‘zjz., Lz,, {;‘,‘.

By the same theorem we have & transformetlion of the last

 {p~1) variates

S p - :
’tJ ‘-'-’ Z F L(L 52‘2},,,)'9/

(22 JL )

such that




BOd W, = 8, (k=2,3,.44,p). Then é? s %hm
The Jacoblen of the transformation (26) is

Hext the following transformetion is wade:

S, = Sin w,
Sz =T COS Wy Sth WZ.

§;= coswy cOs Wy Vig (C=3 4., p).



| - 4{ 9.2' = caszw,ﬁ coszwz_% ([—Z vf)
L (t:l .

, * | n-p-! p-2 ne 2 p-2
-p-i 2 2
oy T ak byl = (-2 ) T T

=1 c=/

| w, e

(é cos w) Im (F cosw,) Jw, JWL
| Z

n-2 n-3 dsinw +dy cosw, sinw,
")cos w, cos

[ 4

| The integral of the expression within the brackets is en-
richlet integral; its value is

other Il

[ (22) 5
[(22)

”33 -




Similar to § 3 the integration of the quantity within

the braces with respect to w, is

(30)

The only function of w, in (30) that iz not even
is sin w,. Hence , the integral of (30) over half the
a,, of w,, namely, is the same
asg the integral of (30) over if

| 1s replaced by . Theréfore,
- ranaformed into an integra-

tion over t’.he range by replacing
by |




Since [15, p. 5%]

Ny I_é('x): sinh X

cos w JW, ,

[15, p. 377] we can write this integrsl az

2
__éj‘ f"t *Jz +f Zsz cos «) _Lsihn 2‘ 4&
0 (c[ J,_ +f chz(cnu)

~53-




Lnp ﬁ? * ﬁg% fﬁ = X and ﬁ& f = y end using an ex-
mimf‘amm for Bessel functions [15, p.140] we

can write (31) as

»
L T il 02
R P
"2 §§s 22V y 1 [ (% +) Lt
| 0

s[m,‘-;u c{u.

B8ince the integrsl of cos ¥ u 8in® Py where ¥ is odd
» the result of the intepn the dupli~
cation formile® for [ functions Y=2w) s

is zero

sticn (using
and letting

—z( -2 42 w)

BN N (L
F(T)'"’L ‘OZ“ zzww'(r(;%‘. )

(32) [ €2 &5 <AV =0 (kf=0bwri=34,,p)




maformed by (26) into

: 5'2'4"{;_2 - J( 42". o ... ©
ddy Jf-’l o ...0
0 0 -7~ ... 0

n
Q

(33}

.
‘
3

0 0 0 . ..=~A

Bguation (32) 18 also eguivalent to

(34) o eegbo - é}j)r-'O_

Hence, x and y°, which are the sum
1y, of the
(33)

and product, respective-
roots of the two equive
and (54), ave given by
Ko= €l d, =6 by 40T by
yz.: GZJ: = Klz "Z. (b,, "zz - blz?: ) v

-35-

non-2ere

/




- In view of this result we can now write the Integra~
tion of (29) as

: S _ m2 "_‘.'_E:L
[ (2g)[(222) wt27= Lhy ] *

: ' w N
| i (kb b)) (e2y okl by (%2 4 20)
| 22 w![(2g +w)

w=0

e 2 z.‘
L 220 (V " by +kz b“)r

what was left out of (22) we
which is the seclution to the

Pinelly, by multiplying :'
obtein the integral of ﬁ‘? )s




4
P alelied) ’“-*-Pg-' = be
e .

| iy e c=
zf%’?‘"é& 77*{7(» 1~¢)

Z. [k e (b, bzz ~ b,z)l (<2, L2 b22)~ (= f.?.w)
ko~0 2°7 “” r(k‘*‘“’) !

In -2 +Z¢v(‘[lc'2b" rez bzz) ‘ 

To anew
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aezzaamw to make the trmftmtim (’% g) and gmgm
distribution in terms of the %ﬁ_ g for tm linear
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er the problem ss stated

g %}1&%}?
E%; is am@sﬁ thet equation (3@%) m a@&%mm to

o IT-aA7[=0

w‘;ﬁ@xﬂ% At Hay 4l 5 , for T is the tr
% S i.jl and A 1s the tr

ransform (by (6)) of
ans f@m of | 'éaiz!

n-gere reots, which are mﬂ%
arguments of the mfmm series in (31), remain unchange
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8ince the quantity Z 1C ~ is the sum of the
oty of (5} i%; m be mmﬁa@a ag ‘

/)4 [-gad

where || 03‘3 = |} QH *1 since (5) iz eguivelent m
|ZT-AT(=0 |

Morsover, the absolute value of the Jac
transformetion* (12) is

IR

Rt:m*hm this fmt i& to app
to centrs éis ributed variates and compare the
mmw am Lribution of the tmfam& wx*m% with

- the Wishart éiatrﬁm&iﬁﬁ af ?sha wig al variates,

The transformetion (9) induces & trensormation (13)

also In this casze. - -
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v msking these substitutions imto (21) and (35) we

have the following theorem:
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N multivariate normal populstions each of p

trices

nd with @xgm’b values of the pH variates
%y o SQUel to My« + Lot &ii be defined by equation
(3); let the renk of the matrix || ’L’W.E.h define

. (3&} m t; &"‘ﬁﬁ g D+ fv AL

(1) et oo, the o

-39~
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(111) Shen t = 2, the joint probebllity
function of the %m, is given by

(rag)” Cureal) = %

bz 1“50!(’(‘%2-‘% w)
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where u’ and vl

3 % are the two mm*mw roots of (36).
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We shall find the cherscteristic function of the
! and 2y 4 (L 4 3) as defined in (3), We first ob-
%ﬁinxﬁh@ characteristic function of the by, and a@ig
(1 # ) as defined in (15) and then perform & linesr
trensformstion to obtain the characteristic function of

the &ij;
@fiaij (1 ¢ J) is defined a

) E (6 W

where 691. = é?i-

Bince




wheve the y, , have the normel multivariste distribution
azzwifiﬁépu {(16), ws can wﬂm@ (41) ag
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let us fipst integrate the y, . for i=1,2,4ie,:p
and o« =% + 1, t + 2, «.e,n, that is, meke the integra-
tion
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How we muet integrate
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Let us make the trensformation

¢ ke
T = Z Bazigr L4 g
where

Thenthe exponent of (43) within the &m&a&r&lyaiﬁa is
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and the Jacoblan of the transformation is
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where

The chers
(bh), Accordingly, we have the result that the character-
stic function of the by, end 2by; (1 4 J) defined by
(15) is ‘

. £ 2 £ }l)\ ,
l - I
(5% % d n>
. |
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N
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It is clear that if K;\ZO, this funetion reduce

%o the characteristic function of the Wishart distribution



with n degrees of freedom, namely,

we)y | .- 200
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The distribution funetion similerly factors into two
parte, one of which is the Wishart distribution, whose
‘>_ﬁﬁaﬁaaﬁayiaﬁi@,fuﬁﬁﬁi@a is (46). This is unusual, for
here the non-centrel Wishert distribution funetion is
the convolution of & funetion (central Wishart distribu-
‘@iaﬁ) and another (ﬁhﬁktr%@&fégﬁ.@f {&?}}vtﬁﬁ fi&%t of
which is & fector of this seme non-centrel Wishart dis-
tribution, |




e written os

_.Lz('tc‘zwiulclz) a “‘z("z’dzzlczz)
e | e

n

| 5,206 | 5o—2c6 |7

where n, + n, = n. From this fact it is clear that the

di&gtrzmm@m for the planay %ﬁ& (if 'z eh+p) 18 & com~

yvolubtion of two dlstributions sach of the linear case.
%ﬁiﬁ-&w:

duction cen also be mede from the distribu~
tion {16). let

distribution with n, ﬁ%g%m of fmsﬁw and |

in the divection of the first mﬁ&mmw sxis, while th




by 13 . has the non~centrel Wishert dlstribubtion with n,
degrees of freedom and parameter K% in the direction of
dinate axls. Bince

the second coor

the distribution of the by, is & convolution of the dis-
 tributions
.imtxx‘ﬁa&mm ia the @@wﬁuﬁim of t© distributions o h

s’:%f %gij &nd '&a"igs In genersl the z nov-central

sonvolubtion iz sgalin & ' A~

in the same ﬁim%im, the
central Wishart distribution with mmmm@ in the sams

ﬁiimﬁﬁiﬁ; Suppose ” 13 have non-central Wishart
‘ 2 ang lc“f‘: in the direction

freedom. 'The chavaote:

L,lz (1 4
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and

—Ji,([cuz""‘{u'(‘lz) '_

L del®

%mmnwzza +%Mz3mt'$+w&
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the Bgq B d @‘aw {14 3). '@m% %33 (13) m btz are
< k
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hk |
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(1) G = L @

then (48) can be

et B
f = H d’ifl/.

derived by substituting (49) (15).
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m&m@t {7) end (8). The denominator is
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and the mumerstor can be

. _%{b’(m‘ff“} _tr[”‘{'i(z" e é_)_’ JJ;‘JJ:"MJ}
?ﬂ"*ﬁ@%

M el

oM = T

We mey summarize in the following theovem:
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nccording to (2), the charecteristic funetion of &, and
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Buppose we heve two sets of quantities g’i 3 and
a"s, each set of which 1s distributed according to a
non-central Wishart distribution with sigm
1t 1311, one naving n' degr

5 matrix
ges of freedom (or n"),
meons sigma metrix T’iﬁ {or T ”13) of rank t!

{or +*). Considsration of the charvacteristic funetions
{50) shows thst

has & non-centrel Wishart digtribution with matrix
i ié!!, n' + n* degrees of freedom and & matrix

(Y O o P |

«J

The renk of the dlstribution is equal to the remk of

This result cen also be deduced from the



representation of 'y, and a7 3 in terms of observation

from & non-o
thiez in & theorem.

entral normel population. We can state

sipme _:'v"r ’ §2 L
2f means

The integral of {17) which is the non-centrsl Wishart
distribution, can be indiceted in another way that pevesls
more ¢learly the form of the non-central Wighart distribu-
mm, We shall now show thet i1t is the product of a Wishart

distribution and & symmetric function of the nom-zerc roots

of the determinmantal equsilon
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where the MZ‘ are roots of (51). Then meke the transforme-

tlon
Y=62,
whare

Z = H Zc»l“‘

The Jacoblan of thisz treneformetion ig
t

G- |8l

Wow {52) can be written as
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wmcﬁ/{" 18)° «|T-z'z|* )dfr(pz

i g? o



The first part of (54) is, except for a constant factor,
& Wishart distribution of n degrees of freedom. The

integral of the second part is obviously & symmetric

funetion of the v . In terms of the ay 3 the u§ are

slmply the roots of (36). We can sum these results in

thecren,




 positive whers ¢ and ’_t'ij.@z?@ defined by (53) and (&),

ang
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respectively, where uﬁ&m the t non-zero roots of

apread of the cbservaticons. If one thinke of the n ob-

by the mean) of sach variate ss a

servations (refuced
vector in n-space, the generslired varisnce ils the sguers
of the volume of the p dimensionsl psrallelotope which
iz defined by these vectors as princivel edges. Avnother
gaometric intsrpretation can be given In temms of the
' enevallized veriance is

p-dimensionsl variate space. The g
of the Squared velumes |
the sum of 211 possible parallelotopes that can be jolned

A

by choosing aa the p py

ncipal edges p of the n sample
vegtors.

moments of the general-

In this section we ﬁsm&mw the |
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when the distributions of the cbaervations
- of the flvat

21ead variance

are non-central multivariate normal. In terms
gam@%xsm representation this means thal the center of
one or more of the vector dlstributions ls differsnt |
. all sgsume thsatb

fyom the origin, For convenlence we sh
the distribution of the observations | y;« | 18 sccording

to {18), 'This will glve ez grest gm@mzwg sa if we
treated observations [X;. | baving the gistribution
{2). MWoveover, we shall consider the determinant of sums

of sgquares and cross-products instesd of the determinsnt

of variences snd ecoverisnces. It ig clesr that the

. Iby 1, where

Wbl =l Z yemy;a

LI

18 simply & midtiple (by | = | (H-1)) of | §34 |, where

.
| agll =1 = (xa-®oX5-7) |,



' Let us first consider the linear case, 1.6., K=K #0
cand €,=0 (i=2,...,p) in (15). The first of the p vectors
is centerved on the first coordinste axls, not at the
origin. Then the probability demsity function of the

Byy s

e - Z (/calp.,)“x. .
S, 2T

X 4 ..)"P“‘~ :
P A Tr(lz[‘hﬂ]) ~=0

<j

oo

We wish to find the

moments E ( gb%j g?ﬁi }w gx@%

a? is the sample variance of the i-th variate and

H% jﬂ 1g the metrix of sample covrelation coefficlants.

The Jacoblan of this transforme
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It i® clear from (55) the
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indepandent of the ﬁggﬁ. Hence '
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t the ﬁi are distributed independ-

The probability element of ag {i22,5%5,.0.,p) is
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which is simply the A -aistribution.
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The probabllity element of &si‘? is
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(56) &
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This is the X' -distribution (non-centrel X * aistribution)

which was first given by Pisher [1]1. Applying term-by-term

integretion (the series converges g&m.ﬁy} we get the
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range of the ﬁi;* we have &3 & congequence the h-th

‘moment of the determinent {(sinece n 1z arbitrary).
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Hence, the h-th moment of [=; 8, ryyl 1s

a ta, 4l are given by
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The expression (57) gives the woments of the gensral-

when the means of the observations are nol

ized varlance

fized, but lie on & line. The distribution of §hig§ i

not & simple function even in the central cass. Howsver,

in any particular cese one could find the first few Wﬁﬁ%
and £it a dlstribution functlion, It i& to be

vergence of the series is nearly as

ﬁﬁxﬁ we aha&i treat the @&aﬁaﬁ case for two dimenal
Suppose that i, # 0 (i=1,2), 45———-6——(—:—9—-3-'#-77’-);
“the probablliity demsity function of By,» Byps and %%@ iz
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Let by, = 5,%, by, = 8,%, and b,, = s;5,r. The Jacobien

is ﬁ;f %2; The probabili
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we wish to find [ { és,zsza (t~r?)] "} . let us first
- muliiply (39) by (1-¥%) snd integrate from -1 to +1.
‘We then obtain
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Next we multiply by (sf)k (=, g}‘; sot (15 s? +k; Se&)/ﬁ//j/
equal to
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and sf from 0 t© oo . We obtain
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which iz the
Clearly this reduces to a special case of (57) if

expected value we sre geeking.
z » R
€, iz set equal to zero.

Geometrically we have p vectors in n-space
{ Yo | &ve distributed according to (16) the mean point

e %w




bwo vectors

{i.e., center of distribution) of the first
is different from the origin, but the mean
of the other p~2 vectors is the origin. The vectors are

distributed independently. The determinant

| L’Jj | = | §=l Yo Y,‘a'

iz the square of the volume of the parallelopiped which

point of each

ean be expressed as

V,Va ..V, sén B sinBy .. sn 6(9-\ /

where v, iz the length of the 1~th vector and 19 g is

the angle between the 1 + 1-st vector and the flat space
‘determined by the first i vectors. The distribution of

' ig statistically independent
he plane of the

ng B 4w a%? X E | § 9%’ saes ggw'i
of v,s vy, and O3 for no matter what
first two vectors is, the distribution of the other

variahles is the same. | Hence
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mply the distribution
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sultiplying (60) by (62) we obtain the h-th moment
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means of multiveriste normel populstions that can be in-
ded in & genersl formulstion of the problem. We shall

first of sll comsider & :a‘f i
and find the mements of the eriterion und




&1l indlicete the

plenar alternatives. In Section B we sh
linesr hypothesis thet can be reduced to this simple
and the problem of eguality

¢ese. Regression problems &
.f means in severel populationa (studied by Wilks) ave
. ineluded.
Buppose the vwi&wa zy «" {i=1,2,0405P5 & =1 -SRI i3
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the likelihood ratio '-ﬁas;ﬁ;%%m@n for testing th
Hsu [k] the Wilks-lewley criterion,

hypothesis, called
iz the ﬁféﬁ

(e8) W=

tnder the null hypothesis the E}:&& i have & Wishsrt dia-
"w&'bnmm with n deg

rHas of freedom, and

the &ﬁ. 5 are




ere independently dlutributed such that o j hes & Wishart
distribution with nem degrees of freedom. Wilks [2] has
B m n§

given the moments of W
‘distribution of W . | |
We shall obtein the momente f‘ W feor distribu-
tions %@iﬁ’i’mﬁ% by (64) where the rank of || M,y || 1s
cese. Under this ssswmption the by

‘gpecisl cases the

2, L.8., the planay
have & Wishart distribution with n degrees of freedom, the
&y 4 &TE M r tly distributed in such a wey that the
13 h&w & ~gentral Wishsrt distribution with nm

K ,% be the
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J 13. 'i?has:agz th@; Gy éj are mmm@a according m {38}
: degrees of f J m, y
with nem é—f. The moments will be obtained by a
od similar to that used by Wilks [2].
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functions of the b's end s's, Multiplying (71) by

(1) TI_F(’”"‘)
. _ M i=| |

by (72) again, we

then m@l&(&% 2 Wﬁ*@g m divyidi _a,'
cbtein ' ' : ,

p(MZQ) Tr ]”(n 42;4—!-,,)

o2

e N

i

b

,'gl‘c?ﬂhlb‘-ﬂufz £ { D(a‘,}ﬁ'ﬂ' b, J/]

c-l;c
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By definition the m@;ﬁ hand side of (75) is the ex~

. - C B 9
pected value of Eﬁiji i,‘&aijs . Bence,

E(l Laj,‘l‘l\'bdj)%)z K (’l-ﬂ)u» 24, A/P, K,;&

- In this expression it is permissible to set h equs
{n could have been wpim@é by 'm@gg in {(71) %o insure the
wrgument of each [" function bet ng positive). Then we

have |

EW3)=E (1e57 10,1

. . i;)’-’(ib“j"ﬂ*g)’
T4 pr-23)

L:'

N QU P A <)

Pinally, the g-th momen
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Expression (74) gives the moments of W in the planar
case. The lineer case is & specisl case of the pla
cese, that is, it is the planar case for K f w O
g-th moments of W in the linear cese is given by

P

2 lﬂ; r( [n+m+l-c_7) TFFZ“‘Z"*’@‘ J+3)
1 S T I(200-9)

N

FYa T

W=

-

(15) —

Z Gc’z)/’l F[Ji["“"]*/s‘) ’
XY .?f"ﬁ,,' P["z‘[w\+m]+ﬁ'.+g)‘

!?@E(WQ

v

| ﬁzrf’( [n+m+«~d+g)7rfzzh+:~q)




wilks [17] has given the distribution of W under the

null hypothesis for several specisl cases (l.e., certain

pairs of n end p). In general, however, the distribution

function is too complicated to write down explicitly.
When the null hypothesis is not satisfied (i.e., at

least one K f # 0) the distribution fmmm m yet
mOTe imtelwé; Km&, we %%11 not write any explicitly.

rposes, altermative hypot

~ For most pw heses of the
mesns | M,y | being on & line (i.e,, of ramk one) are

particular @&ﬁ& s ODE

gufficiently general. In an can

compute from (75) numerissel values for several moments

hen £it an sppropriate distribution funetion., If

pider sltermstive hypotheses of renk

one wighes to oo
4 ﬁi@ii&xﬂlﬁ’ @@ﬁt@ numarical 'ﬁ"&lw

2, one can use (74) en
The series im elther (75) or (74)

ues for moments.
sonverge rapidly. To comstruct an approximete power
funetion for linear & would fit
distribution functions for several values of IC f and
find the mim percentage iwalé, |

» alternatives, say, one




There 18 & matrix | i%

Dbl

§H such thet

I agll =1 oy I 5 (s

where the ;1 's are roota of

- TT) o ai; -4 bey | =0,
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be writien &s
;145)/.[4‘).1' |
[desl- [ (1edg) Sg1d o |

v

\
v

T (+%,;
JZ 2

1

. he distribution of the roots of (77) is given in
-%ﬁti@n XTI for 8y s of vank p in either the lm@w or
plansr case. One could obtein the probability of W not
- exceeding & gwm value by inmgzﬁmmg the A ‘s over

the proper renge.
B. -

multivariate normel ‘variates cen be put in the for
Hy . Hsu [3] has demonstrated that the gensrsl re-

gression problem can be put in this form. Sup




i

X 3o iimi,s,m.,g:; o =m1,8,..0,8) follow & multivariste

| normsl dlstribution with varisnce-covari
I o’ijg s and

. the expected value of X o0 be

1 , |
E‘.(Xc’x)v:zlfderc& | [qu—F)/v

r=1

where the ¢ by N matrix
'Y = H Wra H

is of vemk q. Let H, be the hypothesis that

H, B, = ”/L'u'[: 0‘ (f:':‘?‘/"yl’) 242, mad)

with the w 's known. Then Hau has shown that there is a
transformetion of the x's ints the ¥ie and z’*g, which 1is
‘dependent on the w 's such that the distribution of the x's

-8l



sransformed into '{é#)"}&zimﬁ & distribution of (g-m)
nd guch that [ , 1s transformed

eytranecus veriables &
The hypothesis H y hes great gen eryality. For ex-
suple, H , includes the hypothesis that q populations
cnown to heve the same wet of variances

{of p variates)
maon. set of mesns. In

and covariences heve &lsc & ¢o
Hsu's peper this is defined as

Wre= | when N, ¥ oo +Nr__‘ +{ & o & N,f)-...M/r

= stherwise

~where N = Ny + Hy, + ... + N, (K, is the size of the r-th

sample ).




It is conven]

uge matrix notation here.

X = el e, ez, N),



Then the 1ikelihood ratio criterion for H,iss

v{.?&) _ IX‘ :Z':W' |
S ) v

]ww{ XX ZW
WX W W

“ ‘ P 1 = [SHP-QSTR|

¥ Thig foliows fwxa w@m*‘ cnown regression theory.

[12], for instance

= 87«.
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which mmlﬁ;:ﬁ from
S 2
IRsIHl-s"r T) I o .

may be applied to (78) to obitain

- oy
IXE -XW (ww)"wx' |
| T -XW, W)W X2

w#;/\ <

1t WW1 o E E 1, where £ has zeros below the
. ” : { —
mein disgonsl, let r( = E VW . Then ﬂ (: ) .



Pt

We can ch@m@ r o (of ¥-g rows) so that |

[ =T,
[,
iz orthogonsl, Then F is the matrix of Heu's transforma-
tlon, that is, |

Y =1l Yoy ll= LF

r——— {

Z’ [[ Z;A/*)(_rz ‘

‘Hsu [3] shows that the ¥, y (im1,2,4..,p; ¥ mimet,eue,q)

omitted

have meens unspecified by H | end hence can be
frow further considevetion. We must heve N-¢ = n.
Thia trensformstion transfon

of (79) inte




That is, the @.wiﬁéﬂm ‘fr testing
that for testing Hy.* A
~ The equation (69) cen

H, 1s equivelent to

be written in terms of Z,

(@%-}} bW, (I‘“ W, (W, Wzl) -Wa) Wl"ﬁl‘ - Z[ =
| ,fe#.ﬁz {g. Ifm=gq, (169) becomes

@) | BWW'B — 25 [0,

In (81) end (82) there are no more non-zerc rocts the
the renk of B, It is clesr that the roots of (81) (or

{82)) depend on the metrix W as mll a8 B. fThe digtri~

[s the N/2 power af (68) instead of the (nem)/e



bution of A mzﬂ i;h@ null hypothesls does not depend

on the dlstribution of the matrix W(if ¥ is not constant).

However, the distribution when the null hypothesls is

not estiszfied does depend
hence, on the distribution of the elements of W as well

on K.;Q oF on k;g ang k‘.‘gg,} ayi

us the value of B,

‘(%}ej*tz (%IMH’J%) i ((Cz)/"[';(é[m-l]%-/‘.) -
(e « f(—'i{wﬂo]) '/3}0 2/7'/ [(5Lan]+345)

given the followir

Expression (82) cen be
representation:

42 ( , | +
et § s i@”ﬁ o) (1)
[Gow-p) 420 2Pl Tapep)

1ol

dr,




This is simply the definiticn of the g-th moment of ¥,
namely, B(YE), WW ¥ has the ﬁi&ﬁx‘iﬁgﬁign

L(x-p-l)

% +3 p~1
€ ZK Y . (/(Z)/} /7[2 [‘)\.Hj*ﬁ)(/__\\/)/g P~
r(li["‘“l”ﬂﬁ | /;30 ' 2/’/} ,’ F( zP*ﬁ)

 Hotelling's generalized T° [18] is & retionsl
metion of ¥y it is, '

2 -y | _
e | (

Henve, the distribution of T° when the null hypothesis

is falge is : +;

e 20 T) =2 )P pe04p) [ T

eSS

M -
[‘fi"”*«ffb L ,{ - K 0 -
. Y
y

b o A . o
3 I R R Y 31 ‘\J‘- ‘A
g/ ) /”/ T /

[{4n~ptd)  p=o 2! T( zp4p) T2/
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This result hes bee

n obtained by Hsu [1%] by another
method., The fmﬁti@m (8:) has been studied by Tang
{20] in comnection with the power functions of the
analysis of veriance tests. Here n is the mumber
degros

g of freedon.

Z(Xd\“/qol ZWMWQoL- . ' Zu/?:;.

A,ﬁ_ A o= ey ‘

k2
Z/Xa. EWW S wad 9

d2| , ) al:/

Z ld q‘;\' * ' ZW:

ole( ok

he square of the multiple corrvelation co-
efficim% Then tg 1s the root of

‘l ' 2

N ,
Z( ﬁ ua)“)\G‘Q":O

ol = | /




where O 2 13 the varisnce of A . We shall assume that
~ the moments of *i»-EE ; where R is the maltiple correlation

coefficlent, are given by |

2
Lk
-~ e -

| b
(8s) £ [0 m)%]- m&ﬂ“’ 5 () (¥ +p)

r(y"z_i"ﬁ p=0 Zéﬁ! r'(%;g?ﬂg)-

Expreasion (85) cen be put into the form of an integral,

that 1is,

: L g% ( | ﬂ)"’(J_N )(l R)é(w)Tg}KZ)é7 -'/
el X [ & TvAIE:
E[[l R") ] g{% Y 4 [7[4277%) | "/@)

It follows that the
iz continuous) is

(symmetric) distribution of R (which



Lt sDH 9+2 B~/
et (8 2 W V) R

C[Bvn)  pee 2fAT(m1)

There is & difference between this result and the one

given by Fisher [1] because here the w'e are fixed in-

stead of being normally alstributed varistes. P
- Hsu (4] has given the asymptotic dlstribution of

W. Suppose that the w,. are such that the following

function of the transform

4
{
|
|
i

ed constants

tends to the iimit EE,, a8 n tends to infinity. Then
- the limiting distribution of X = -n log W (which sguals
-2 iog A where /1 is the 'likﬁlih ratio eriterion) ls




S S

)|
2% «20

That ts, 1t is the A2 glstribution with pm
freedom and mmmtm’ :—Cr .

Hsu demonstrates this by first sh@wm that the
Lawley ﬁﬁtwim

multipled by n hes the above X '®-distribution snd
n V and -n log W approach each other (in the prob-
ability %ﬁaa).

| If the w, , are statlstical v&zﬁi&tw {viz. with
given contiouous distribution i’*m&tim) it is easy to
apply Wald's theovem [21] on the asy .mtm distribu~
tion of the likelihood ratio criterion to obtein the
same result. |




The 1ikelihood ratic criterion mmiéwﬁé in Bection
| IX can m used to test,itn the bssis of & sample, the
: :--;w that the sets of means in sw&m‘i miltivariste
am iﬂmﬁm&l sssuming that the mutrices

s and covarlances ere the same., If this

"*'mﬁiﬁ is false, one moy wish to determine whether

there is & wmmﬁmmza between the sets of mesns and
%hﬁt this reletionship iﬁ, The set of means <

pulation may be
of & point in @ p-dimensionel space. O
the question of relationship between sets of meens
atv |
i & mlﬁiv&x»&am mmz leatﬁ,~}

congidered as the coordinabe

p-veriate po

one may then state

in

g&@mﬁyﬁm}, ‘%@m *. m pronier en & zet ﬁf

' ’“‘* Q&Qﬁ from

~97~




for
ing whether these 3 m%:a 2% on & line; :m Section
we cbtein criteris for testing any specified dimension-
ality. The slternative f"%}z@a% aye thet the meens lie
:b::a the pm&immmml ﬁp&m. Criteris for test~
I Lo : v ageinet & ﬁp@ﬁiﬁ.@@
sﬁimmi&mlmy are given in Section D. The criteria ob~
tained &m the likelihood ratio eriteria.® |
| let /L be the set of admissible hypotheses which
conteins m miltivariste normal populations with the

are tm same 2 In uee;’:tim A we ﬁw&l&gz & eriterion

rester

same veriance-coverisnce metrixz. Symbolicelly_s) is

) 7 - . v':\__ 5
goDA/i(ﬂi-oﬂ 7~12/'f'/ mooC [ 2 .., P,




letion is

m m&%i*

: be the hypotheslis we test which contains
ﬁfﬁ%@ normel populations whose means :&m on & line
thew (M4, Mo .., M), ) with direction mumbers A s
and A 's are not specified). We can

(where the A's
dsnote the ?'.ﬁM%a a8

~99-



with

. (%‘?} Z n 73/7:_ 0
| 9=
88y O M=
171 |

ne in the g-th sample is n9,
probebllity density funection of ﬁw g-th populatior

In other words, the hypothesis is

= e 400

~100-



let x«m conslder m gsamples { X ;1 j { m%,ﬁ“n,xﬁ)

: w&&timﬁ The associsted probebility demsity

'm."l‘1

D 0“‘7(”&a/¢)/79 A
q ot N

b
7V -k 2

{%%}PN = m e (y=|

/

where N = Z 5%, We meximise this function with ww@%
to the (L set. Diffe entiating with respect to .7

and setting the regsulting ex
 obtain

Iy
o

pression equel to zers, we

¢, 7
i Z. g J(R}d “/"S-q): 0; o= 2/.../ P,

7 3([2'/ “7 Ml

Bince || O”MH ig *&h@ mw‘fm of ench set of p equations
/4;’) and is non-singuley, we

in the p unknowns

=101~




- have

n7
]

-_—

Y R 9
Hence, we choose A1, = ij = 91 aZ:( ?(J'“ .
Hext we differentiaste (89) with respect te ¢ iis

m 1

| 4 q “
= :PI\/ [/V Ty *GIZ Z' [ Xeu "/%j)[?(j:{“ )-72]2 P, C

=l ot =
/

m n |
A \ o A |
o> — w MW x T - )= =
AR 722%5;( (7(“’/”&')(766 1)= v Ay, say.,



Then the mim of the likelihood function (89) over L2
- Lol ="
By (nme) - L2 5

Czﬂ-) =pN

How mt ug mmxw {89) with respect to the w set,
First we ﬁifmmmmm with respect to 4 , and set the

result egual to zam, thet is,
b -
- mzzz 61 -1 ":) =0,
Q/ML =i 3=1 ==
Since | fi;% # 0, we have
m  n1
90) L L (%]-m-Y)=0
72; P ]

Bince




Next we @ifferentiste with respect to A ,, obtaining,

end (88), we find

A m ‘7—7
1.2 2 'y X;
J q=1 )

In view of (87)

Next we differentiste EN' with vespect to 0 i ; Ob




Hencve, we ﬁ%hemw

TS NOE NGt S E e gty

? 2f ol Y={

h

—~(§th Yqz/hf"’)

w M —
36),: Z > (T":}'\XL)(TJZ, 7() Q. +b
q;’ oL'_‘.l
&)\a(

Zh(x -k X7 - )

Bext we maximize ?N with respect to Yr, that im we




maximize

| -
o~ PNRVIL ST B l ,
l dy — (Zn "KLz 'y %) el _-el
3 , V= e
(2m) =°

N

To find the Y ' we must minimi

B8

~ i . el IV Pt
3~ (3 n’x"x'})(q%, %) ).
{91)

| @yl [1- = 27(2 RS 7).
gt a= y

-

L‘) ,pll
that is, we must maximirze

_ P m .
Q> Z Z gbv‘)y\;T:{ nny

Qf:; Y,q>| /



subject to the restrictions

N R
271 X,;O/

171

> n'(v)> |
9= >

Lot

-GQ\vZnﬂ @mvm L

snge multipliers. Differentiating




ing {92) with respect to r, in view of (87) we obtain

P ™ —l _ _a 2 9
N2> Z a9% %~y —vyV=0

LiFt 9>

Hence, (92) cen be writien as

A g — =1 .r. 1.7 Y yV -
2. i Z d (}XL’“X")(X)— nny Z_/(')'l -—O

b}/’ q"‘

H

or, in view of (87), éividing by 2, we have

‘ P wm . . _ r_
(99> 3 §Y ®LARNFI-E )T o= 0,

C,j;»l 9=1

&ﬁ%ﬁ@s iplying (93) by Y ¥ snd summing,

™m 7 o .,
> 2. av (X%,
Y 4=t L;ﬁ:-’



Substituting this velue of e in (93) we obtain the set

of equations for y! s | |
{5 AIRERET) o [ ()
7:‘;( "‘l)"’=l )

- (9k) o |

) ’ M (9 .. . ) ‘ | | -
| -—(J?F‘ X’)[ > {Z o (x}sc;)(f}fj)Fﬁfm}(ﬁf.\x"fﬁ" Y’)]
S r‘qz‘ C’ill v . | '

t

Por a 'wmﬁi { JT‘" Yr } it is m%%m that the
determinant of the matrix of the ccefficients be zero.
Such & eondition 1is simply that the Qm@igg in brackets
in (94) 1s & root of | |

) P AL" —~ g P — )
o | 2 FRAAT K ) -4 87|20

L/J =]



Bince Q can be written as

{5 &Rk~ B O e ),

. Lo
Y =i s

its maximum 1&g equal to & root of (9%5). Because we want

@ maximum, we take the largest root, say, ¢ y» for Q.
However, the non-zero roots of (9%) are also the non~
zero roots of ‘

S

(96) 722’ ﬂq(??‘:,_'“y(,')[?q'\?f) — éﬁ 5{,‘) 1: 0,

This fact is proved in the Lemme of ( D ). The squations
(95) and (96) are similar to (111) and (113).
Equation (96) can be written as

o) IeLL‘,’N q&[au *‘Laj)):&‘;

~!%6&




The likelihood ratio eritericn is thgﬁ.(by use éf (1))

__f}(wmaw ' ’&ﬂ
Fyaman)  { lagrbis 10 603

where ¢1»is the largest root of the equstion (97). The
test for collinearity of means

may be taken as

2 ' ,a('j}

1-1’('] '(("‘& ) ‘

.zm @f’ 4 - ‘Then

/l’l\%: a‘-/ (l’f’g‘)
lag + by

/

._ﬁ%ﬁfﬁvf9% is the largest

root of

{

(98) IL ~-8a;=0




There exists & non-singular matrix K, since |la,.

is positive definite, so

36

are the roots in desce

ing order of ‘(_?}-g The test
funetion then is '

A s {LAL 2 ~/H'}(f+atlj_%” |
UM [l +bey -] B

iV
- (1+6)
T 48, D o N
6  |+8, )
b b .8,
14 _J\y
= T (14) "

P



Lat: ug congider the g&mm‘l @m'ialm of test ,1
the basis of samples whether the means of m populations in |
p variates lie on sn h dimensionsl hyperplene. The
hypothesis to be tested is whether the mean of the i-th
written as

variate in the g-th population can be

#e form the likelihood ratio eriterion defining the sets
) and w as follows: |

% “ 0-\‘;‘5 “ = N 0“2 H IR : “0—-;‘) l/; N ) ]// pos< f“-'Vé’- 404%{{@,

~>04/l/'q4’+00 ) p‘:l, Z/...//D/' _
w | """( ”"’” I = 10”53: [ = [0‘"///;3@ itive ﬁaffmitﬁ

Ce i s L 2B,

R e T B LR

7
nuc<)/;4+as) q:LZJ.,?F/'f;:l/Z/,.,,A/‘



\v)\e‘re

{100) Bhid | 9
> ’Y\qb/;;))é :56

and

The meximum of P, @‘vm’ the () get 1z, as before,

!
eyl BN el
Goayfy, (2 max) = (zm) 2PV N="e .

=1 1h~



R
o e, Xip, Ty
Yﬁ » regpectively. Differentisting with respect to

//L » we have

y maximize with respect to w we fir

. P m P ")\ o A 4 |
My _p §f 2 o] 2 A )= 0

™M

=2

pe
>

3
Lol



Hext, we differentlate with respect to ;‘% and obtain

7

. e L
A hLZ 2 r (0 5 L Ve be) Y20

Therefore,
1
Y n l\
: | 7 7 1
- . — Y =
L (%% Y5 2 Yediel=0
ety 7 19 1 .
Since Z n 2/6 Y/s = .fe/& , we have
971
A DR AN
72( . IB J‘o‘ 721 /5/6 J/s :
, A ™ 9 9 =1
)J’/’: 725!7’ ’r X‘j g

:ii; will be ah latar that (!m) iz satialied }m A j /3

because of the ] properties of Y] P

116~



Differentisting with respect to ¢~ 1J, we obtatn

QPN | ' N Bl “q 1 9 \2
Pt L Y (Ko ) =0,
D) i N 9=

Therefore
. ‘4 ™ hq( Q _. AX71£nryrir)lxﬂ‘N*E‘:Y?(f;\r)’Yfr»
N T Z 7(‘,‘,*’7(;“2;_‘ pAZ 5 XA, Y. LY, (K
9={ ot Vg ,
3. W oY $ 1T 50
= gy — ZhYY.ZnX)(.)
1) p=i (r:i / ‘X‘)?t Prg
= .. g
EIL) o say
7 RS U
U\r} 4’%#‘5 "’?3?*‘
5:%{\,2 P‘z@i}!?‘é&w%;? ,,, Eﬁ%é‘j‘g?~%%§ ¥ i “"; H




N

| | )
The maximum of P, with respect to the Y/, ~ under
restriction (100) is the minimm of |

md M, ere Lagrange
ng with respect to 2(/? snd §

(104) - ZZZ /’Lh Y

=1 L)”l

where &* m the cofsctor of %3 in ;%u 2 (104)

with wa.f%: to q we find
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9 7
fubstituting in {10k}, we obtain, roting thst 72 h_ 5
=1
™ P h
2y 3 A (?c”~x)(x x)»"'nx»faz/u nly
—y Vd €
b=l ¢)=t ex?
i : A Yor /&0 & ¥ . X
(105) 3 /52::' [En 1h (X; Y;)][q?—;, noTs (X )
| oV
mder the vestrietion -7 ¥ple > 3pe o
r= ‘
We need the following lemme
let ﬁij - rZ 7( X {i*ﬁ"?!&x#ww#},

~11g~



where |lds || 1s of renk min(m-1,p) & a 1e

J

| a,;' = CL‘; ‘l"d(})

where |le; ;|| 1s positive definite &nd Then

the maximum of

¢ =| ag,—?,:, ,ﬁ A 1z % "x'))

(h  min(w-1,p) over variations of the set | y ' |

subject to the restrictions

(106) Z )(“ = 59%

Krone

{whers 5 i iz the cker delta) is

“120~



where the 5‘{’/} are the B largest m&t& of

J Jc)‘““{/ac;):

Differsntisting » with vespect to y and

.
to zerc we obtain |

| _y
g%a?>?—“4~~zl )ZZ ’?f)gfx"JrZZ Jop 420,
4 9= - |

where b e} is @n element of the inverse of

‘ h o - ™ 94}
bl W - 2 (2 #t < XE V25,



% . Maltiplyin
we obtaln

Y R '

o Ty
‘?/r-—l L)

—~2“9,I£ A ?fZX,/f xj’Y: P2y = 0 (Yi/),

%m@ equation can be solved for /ub, 5 .
Then {(107) can be

written as

| ' i r £ & "". A q
o) ?Z’ D’ ?Xf =2 (2 DYy, )

where

Dh‘ = Z vl)d". ?\’: ?(‘3

AT , by

SECS




and iz of venk min{m-1,p). Multiplying (108) by
{ Y>8 ) end summing over r, we obtain

- i s, m $9 o
> Dyiy) =0 s (Z DY y7)

9=t

for Y> f end for =% S s that is

(109) i qu)’fY:‘:O

V.92

for X‘> /2 « 8Since

. - kit r Y p
2 quYf’Z qua\/r

_ 7=l
rq=! L

i D,.a,y: )’Y:@

v
rq=4
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for Yfﬁ /3 ; Thon (108) %gm ba written as

(110) Dmy(g5 = \/f (}1: DM)‘:Y;> |
S &I:l . ’

3,ﬁ=l v

It is %1@%? %@&$:§ 'yﬁg } sre the cher
of 1{D¥41] and

scteristic vedtors

LSRR ' 5
/}
2. D Yr Va
g2 -
avecteristic root of [ID"911; i.e., root

Foa
i

s the ﬁ e
of

(1) | D=1 Jrﬁ):ﬁl

written as

Then {’i%?} can be

sy M.




Wext consider the psir of metrices |iby,
I I XEX: 1. let | Wﬁim@i ;
=i '
- of the f -th vector sssocisted with the equation

;»uﬁ} | | { yt.rxj_" - gLL.J, |=0:

r={

that is,

WHeTe 9/3 is & root of (113) (and ‘.}Z.:‘ be; wh wy = c@/; Jo
we have

ing with respect %o 1,

" | R | .

m gh y- r~ ’
, ko RAN rooy
{115) @«,v/w > Z b | X ij

Y) z vt




. : 9 .
WMultiplylng {115) by Xk gum on Kj we have

P | m Pk oy P, .
{;ézéy@%({: P ERAP N N ET)

\":.

—

/

M (116) with {112) we see g;im

| .
() | yg = x‘;w/’;
: _ ' h=t

)/ﬁ':

nce, from the cherscteristic vectors end roots asso
with {111) we can go to those of (113).

show thet the w /'f are the vectors assoclated

g

J
l :‘ J‘:' ) /’ I



with

Cme) | L XD A (=0,

r=y

From {114) we have that

: P : . 14 h w wm .
b, = Ay wi - B2 (= Yfolg y ! Tj)ufj/

Vs T o
p wm r r .
J";l v2{ : x

 that 1s, (in view of (117) end (106)
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Transposing (and letting )=
obtain »

P .
S ox W ) we
= ”} i o

o,
{119) Y T ogw

Hence, we alec hsve the result that the
{118) are

‘9/5>)/}

f i+ 6s 1+—ﬂ/9‘

—

Hence, the ,Ak,aﬁn be defined in %&%ﬁ%lﬁf &y 4 &0d Z’iy
e well as %ﬁ&'?’ﬁ . : '
.‘ﬁyﬁf@f {112}, ﬁ@ ﬁ$?$¥%ﬁ$1ﬂ$ﬁ obtain & pe
ﬁ&%@a@”%&%i@n‘@f’ﬁhm-yiﬁ » |
the velue of % .

#e have

ugh the yr' are in the
yfectly valid

smsins to demmstrete

b r_F > L 4 9 & «

o '2‘ 7:] h;,

)
$ = a, ‘"%

f

-t 58~

oo




P p
k
(Z anwh Nz apw)

k7P
£ (” )ﬂ)z_
% |
| |
by (119).
Lot
N~ Eon Fin :

(1z1) Cf:/ﬂ'k/ '

However, waii can be chosen 80 &3 to meke

P
| > F L wk
"ggg;g} k=1 i ’ = G) Say (c' s f[x” row L’hc/‘?V/
4 .
l;),, /B s Lh € co)umn cnele ;{)
/



dlagonal. Hence (121) is

(123) 4 =] o5 | T-66']

'ffm the slements of G 5 must be the seme as those of
From (122) we have

: G; G)‘ ' @Eﬁiﬁ%% for zevos.

X

i 14" (+)*

h/)’.“_{ }/’ ' )a- .

by (120). Using the fact thet the W . 's are character-

istic vectors we have
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nsl G G must be diegonsl %ﬁ&, ey,
imply (124). Then

Hence, from (123)

h
g Lagl T (- %)
poi |

Thus the lemms is proved.

It followa from applying

meximum of (105) is

h
{ 5.:,’ ] ;ﬂ-((’ "//c)
[Berg

-§51~

 the sbove lemma that the

/




where L{/,, {iﬂﬁgmwh3 ere the h largest roots Qf

) m fnl = N LY |
(1e6) | T (7':, X;)(Vf‘ 7@)7‘-’7_ \7& c’lb,};/; O
» r= |

Neow we csn demonstrete thet (101) is fulfilled.
Bquetion (109) written in terms of & j, VEls b//f

§%] \[;77 (5(.,’; - fb') 3"$

m p .
veny ) )2 (rr-x 5] 7}’)}7}’5//{ 7" (=0
AR

A

forp & €. zz%m:&@ we can write Agp ag



for p # €. Beczuse a1d /B iz the mexlmm |
estimate of o td (i.0., e stdm, the restrictions |
of {101) ave satisfisd. o

. We have, therefore, the meximm of By over w ,

namely,

whers iw &ﬁé; is slsmply (185). E
eriterion is the ratio of (128) and (

PM( v mox) | A,

. ~ . | R
/I‘ W 1




Therefore we can use aa our test oriterion

AT -

C?—h +) /

where the _‘//; are the (p-h) smellest veots of (186).

 In terms of the (p-h) smellest vouts a g of

(129) | be; = Ba5 120

l/ /

the sriterion is

wfgg,g,*




tne can give & geowstric interpretation of this
‘oriterion. The mstrixla, llrepressnts the ellipsoid of
the scetter of polats about thelr means.
%mmam of the populsation 1 {ance matrix.
’%@i matrix Hgﬁ.j” repre: ) sample estimete of
the ellipsold of the sestier of the mwans of the popu-

it is an

est difference betwee

lergest roots messure the grestest h dimensions
once betwesen the two. Thet iz, the h corresponding

noan b dimensionsl Iy .
.,.‘;*ﬁhi% hyperplane between the intersections with the
sllipsoids 18 a meximus (over &ll h dime
planes ). Undey the mull hypothesis the h roots should
absorb most of the scatber due to the true means

vectors spe

bhyperplane. The remeining

m@%ﬁ,‘,




simply meagure the scatier due Lo €ryoOr.
the null hypothesis is not true, the p-h smallest roots
also include scatter due to the mesns. s test deter-
' hether this scatter i¢ ﬁﬁﬁ @ﬁl¥'%$ error®.

wnyrize the results of Sections A and B.
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whera

It cen be readily shown (as Hsu

chat Fisher's eriterion is the &




hyperplane. In this case the «~ set is define

‘the ratios n'/N constant the limiting distributicn of

the guantity

iz the 7(-%“3”2 distribution with (p-h)(m~1~h) degrees of

froedon.
D

Bigher Dimenaionality s an Alteinat ve Fenothegis..

Suppose we wish to test the hypothesis the
mesns of the 'xa populstions lie on an f ﬁmiml hyper-
‘that they lie on & g (£<g) Gimensional
in (99)
(100) end (101) with h equal to £. The /L set is the

ame with b equal to g. fﬁi&‘a?ﬂ (w max) 1s (128) with

pleng assuming

h equel to £ and ?W {/ max} is the same with h

to g. The ratic is

% g

~V

' /4 = Lr {l+19[) ‘
o= fel

“iﬁgw



N

-2
(tv0,)

If one wighes %o test linssrity assumi

uges

4

ng coplenarity, one

" L
(1eo,) ="

&2 the criterion. |
Fisher's intuitive approsch would leed to the gemeral

test fumetion (f dimensic yperplane sgainet & g dlmensim-

al hypsrplans) of
1
2_ A

- F'H .

/

where the A's ave voots of (1350},

, me tests for collinearity and finde that the

hypotheslis iz not contradicted, cme mey wish to estimate

the line and the position of the mesn polute o it. In
way wish to estimste the h dimensionsl b

genersl ons




plane and the position of the mesn polnts upon 1%, These
k%tim@% are the meximom likelihood estlimetes. First
one obtains W,Z' for each f (2 =1 s2s0-9,2) B8 the
charecteristic vectors associated
{117)}

ceordinates of the
with the h largest voots of (129). Then (using
we obtaln the St Y /; from the egquations

_ ‘;‘: _ £ C  ,, —_
g 2 v IR - %),

The «%xﬁﬁ%mﬁ retios of the lines spannin
yperplene in p dimensions are glven by

dimensions)




g £

{ /,) } )(J Y Y Y 3 ong gen estinste the mesn /4 y
of the j-th charscteristic of the r-th populstion under

sl 1y %;h@ /u, By f"‘.’%%&ﬁ Ty (wﬁs)% . Prom thewss @aﬁmwa

the mull hypothesis.

Heu [6] has given the limiting distribution of the
191‘ .  Suppo s¢ there are h S g’ﬁ éi.i‘f@mﬁt from zero
mt zm

3.&‘%:

3020, al'_—,/u, / aSV:/Ml *"'%/45 (s= L2,y l})/

Let

by



Now the ] 's are distinct ( 1, 772,>..> 2, ). Lot
g': JN [9,_*}5> ) l’.'zba‘}—.-l‘,—l/"'/"é?s)s:l;z/
| [2 2ol '

g‘, =~ NO&, o co=hel 1,

, ww ©'s are zerc. Define
')\_ r i %& Qﬁ {ngﬁgﬁtagM}, Waere ﬁ e % Z ﬁyt
um h@* ﬁm, the 1mwmg mmm&m:&w af‘ t:hea

;aa eg? so that

f 's aé

(130)
0, (5,5,
where
“‘.)?:2.:/:7(62 PP
e 7 I (-
D (x(/- )2 T /“"' J-ILH [ _))
22/"’ 7!\‘[7[2(

5



1

- ' Q' 71 "‘[72“7‘1) 7

Sk T2 5 Lot
' e LSS AT [{C-;

(’33}D,(§)‘ﬂ,...,§7>” e het Z2 "—LL;LL_,J_Z

- % (p-hln - ] R /
T P e bela) [T

[

7& = max{m-1,k).

where N, = m~1 and
We shell now show that -2 log A is asymptotically
distributed 1ike X 2 where

.} 3
(132) = ] (H %;L)

IChel v
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(since the last p~ |, ¥, ave zero). let [\, ( § )
be the cumilative distribution function of the § ‘e
"end let [ (€ ) be the cumlative of the probability
‘density function (130). Then Hsu's theovem can be etated

B8

[om F[V(§); F(g)

1et

This can m@mwm B A/é ZZL ‘7”3 (”j})
gl\/(f) Jzhel



The convergence g uniform in &

ny finite reglon.of the §'s.
@Given san (>0 , there is & vegion B in the space
of the §  such that |

REJF[€)< s,

where K is the complement of R. From the convergence of

“the [y ( § ) we have for )N, sufficlently large,

! b 4R, () - {4F[;)}< :
3 g

| thet is, for N>H,, we have

SAF (5) < €,

~1h5=



¢ theorem for & peal

sung {231 proves the followl:
variable: - |
Suppose that £ , ( X ) tends uniformly to & con- |
timous £( X ) in (&,b) and that g ( ¥ ) tends to &
1imit g{ X ) in &n everywhere dense set of points E
which includes & r that the total
%rmtim of By iz less than K , independent of n. Then
b

S ,
feoag = (45,

snd by suppose furtt

a

provided that these integrals exist and that g( X ) is
completed so &8 to be & function of bounded varlation
in {&;%ﬁ)t

The theorem can easily be shown to hold in the case
ia

= gos & + 1 sin &, the

that X is & vector. 3Since e
, ons we meke may &ll be broken up intc two parts
bhat mhi% gration is of & resl varisble. Th

lied to our problem gives e

7\'% gg)\/(g)d[:,/(?)’ S'g(g) ejF(g)
R



It then fﬁil%ﬁ&? ﬁm‘@
¢N (é) = {gy(f)c[ Fﬂ/(?) :

‘converges to

%(é Y (Q’)q//”(é’)

- for all .

since a [ ( § ) factors (mgzwﬂm to (130)) and
since each factor integrates to unity, ¢ (¢ ) can be
written ss _~

J:lw ware . ( § ")
is the distribution of the §‘3 (J= Bst,0un, 1, }u %&m&

This 1s the charecteristic function of i ?

=il



') . 2
that Z% nas the X ¢ distribution

J=h¥l

with Y=(]-A)NT,~-h) = degrees of freedom, we have
‘ -—"‘(7,"1\)(72“A)
p(t)=(1-2:¢) ©

‘since ¢ () is continuous st t = 0%, the distribution of
-2 log A mast converge to that of )fﬁ . We have the

) gegraes Of IrPescom.
e indieates thet Fisher's test
% to ﬁh& 1ikelihood ratic eriterion
in the limit. Hence, the asy rties of the
likelihood ratic eriterion that to ~2 1%;@ /] also

The ebove demenstretion

* fge Curtiss Eﬁi#'la- for exumple

~148-




apply to Fisher's criterion.

In this seetion we consider the problem of deter-
‘mining the distribution of the roots which are used in
the likelihood vatio oriteris. The zimtﬁmg;m of tha -
roots can be derived from the non-centrel Wishart dis~
tribution for the linesr and plansr cases, For the
case of the mesns of the populations all being &t one
point, the distribution of the roots hes been given by
Hau [7]. | ~ |
. Let us ywz the problem in & g
the symmetricmatrix |le, §g;
Wishart distribution with n ¢  and

’ 4 with sigme metrix || ¢ 13”
~gentral

eneral form: Gilven

whose elements follow a non

- glven |iby 4l
ert distribution with m degrees of
p (p {m), with sigme matrix || ol




metrix of mesns || T il of venk b, find the distribu-

(33) - by Xag =0,

The mffmf@m‘%mﬂ | ¥ N 3H defined in (6) when
} »17’133 lesve the roots of (wzs}

spplied to lla, ;}”
inveriant, for
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We obbtaln the gsolution of this ym&lm for h=1 and

<

o,

[

indicate bow it is solved in any particulsr case for

-

B,

(135

whers

The joint probe

bility density functlon of 8y 5 and
: %:sié in the linsar csse (lwl) is

P . 4
30np-i) 3On-pmt) L X (Fkbi )22 (6Fh)

Kl al b, |

7

|

-

]

; Z ot ,[7(, T
o 2 M

: - 7 p—1 '
, 2P (4 77x.?r(r’—l) ia F(é[wn'])tj:]? [[4~-])

L2



There iz & matrix [Iw g 333 guch ¥hat

where Ak is & yoot of (1%%). The Jacoblan of this
n{ +13

snsformation (from 2 . =7 varisbies to (p + p%)

ik,

varisbles) 3%%» been given by Hsu i?}. it i

P

P -
o p+2
2 /Wc,—[ T (A‘:AAJ")/

c=1 f: CH

aots sre egquel.

The probability 18 zero that two r



The resulting distributlon isg

(P
nem~p P L (map-t) "L?T ""Za([*'})
K2" s I{: . e it 7 ?
4 o feis A)d
TF ()5 LA
Cat 204 ‘ ))igé’ 2¢<Sl F[Lm4d)

V)*)k qu x “Uk‘

The Jacoblen s
p

T(M%)—)ép

=l

- 5 R



The distribution of w'e and ) 's s

Ngm~p P -3 (mtm) p L (m~p-t)
p : d

K C l ML','I 7T (Hlj) 'z
g1 . J = /

{136

P >4

14 =0 KIZZHz A))

N Z’E p e 4
- Y.. .S {
e 2o T Q)2 izl 2 12

~ . i 28 ! na
L:’..I J\‘ZL‘H “20 2. x| )—7[2—7’1—-}-“)

tegrsl of (136) with respect

the vectors U 10 ggeerss gp)e In tevms of the
‘ and the sngles ¢, ( 4, is the sngle between
and the l+ist

The detevminent | W, .l is the volume

he firat 1 vectors



The problem of integreting (136) is equivalent to find-
, P
ing the (nem-p)/2rmoment of | X WU, Wyl glven
8 ‘&‘ P / = % Yk &
that the distribution of Wy 3‘ is

. P Cy X
Lsur =2 (€ ou “LJ-)
C e 2,‘,)‘:' ‘) z! g2 14—2,
: L4
2% ol [(ms=) 7

<=0

where £ 1z the proper romellizing

ﬁmgmﬁ « Using the

argument of Bection VII, ¢ we have
_ ’ ) .

E (; “c;[‘));'E(Vl v).E([ Vy.. Vy simbnsin d,,_,]g)’.
The seme srgument leading to (62) yields

(33?55([‘/2 vb--.‘/P Sb‘h¢l SL‘“?}»'].',)
, P /4 .

| L g(p1) JYL, [7[2 Lp+i-c] g)

| IR

=22




Dividing (137) by the normalizing constant (not imvolved
in % ( v,¥ )) we have

- Aol A

L -
: f - z:_ Z u’.). P r
(Vz Yy swuf‘ sénép_‘l) e NEXCIRE] T Tf o

-—D‘?d@~d.9

To obtein B(v,) we must integrate

zing comatant { © { u"iéﬁ £ s},
by the multinomisl rule

(al”u' = "" - 3 e/ 7 ) * %@ﬁ
. P Zpad P | ,'\ D‘)' P [
. Yoo I 3 A
C (gt oihn L Ll 0y
(B0 e T i ntn) o]
2 0‘(/.,.,6,':0 2 Szt J ;;/ Jo

- 5ﬁm



j ¥ A

P~ |
?

cz2 ! =2 A S e Tl
- o z =T
ge 3 Y ?_ [0(,2) ! Y -
=0

22:;‘)- ["[_’l: »4—5_& u))’f]\ o;'/
' . Y] !

s =f

Using the integrel formula for the gemm
Dirichlet integral, we find (139) tc be

S

[ ‘
_ o °o (¢2)i= J r(éfﬁﬂ’]*;df)
(o) (2% D l n
LR ol / £

. M‘/'n/"‘p-‘—‘o 2 * / ,FZEMJ-ZOIJ.)

jal
P | B p I o,
i r’[“j’fz) ““‘( ) ) g
p - ! '\' ,
J:Izl* Of) l F(é PfJéla),) 5=t [+ ‘



The @gwm‘zg between (138) and (1k0) is not dis-
ﬁwa% %3’ mmmg; v = 1. %i@rm&, we have that (g = nsarp)

Y,

P 2 %
glu ) 6 /’/‘ “ -p Qadozl,q(‘é’*mv{'ot) L‘)‘;/ ¢y
, S
‘ (‘T/éqy(p-:) ZJ;P(P—?-)HE' plnim-p) A, (ﬂ(é[www])
= a ‘
r F(Ef?«‘lﬂ])
(-2

 Finally, the distribution of the (] 's for the cese
= 1is |

P~

Wr (2 o) TOng 7 0
ey Trf(ﬁ P ] 7}‘{’[ Cnri~i]) T [(z1e-0)

7

P Y . e Zat' I'4

| ()" [(g Dl r 5 -)Tr/ ) Ly )
‘ Ady . 7 LA
LA B s o] e 25) M Kok

[ S =/ J >t
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Prom this distribution one can in &

ny special instance

for collinesrity does not exzceed & certailn value by

Eegentially

the ssme distribution has been obtained by Roy (8] by

wwevey, 41d not svaluate the
conatant, |

The mmiﬁg given by Roy is claimed by

¥y him to hold
for the gemersl case, that ls, for h K 's diffevent
from 0, with 1 {h {p. His éw%ﬁmﬁmﬁ hes only ob

| Lo 2‘_‘ "c?_ . It ean &amﬁ’

L=

finity the roobs I "

22 ) must converge stochastically to the ;;-E&gmﬂf

maﬁ%‘sa The distribution of Roy has only one noD
srameter sppearing; henee for h l 2 his mmmm%im

does not give mﬂs:a@m? limiting resulits. T
‘shows thet Roy's vesults hold only for h = 1.
in Boy ‘% apgument seems tﬁa be in the geom '

ing. The corvect result for h = 2 is indicated’in the'

etric resson-



next paragraph. :
We ghall indicate how the distribution of these

roots in the planer case (h = 2) may be found.

| | P
= (n-p-1) Lompmt) =22 (@ +be)

J <)

K, lal

= [ (b by b2 (6% + bz )

’oc,/;Z:O oHe +2/'«><,'/,7 F(’Lz[)«—lj),d)r(-’am;kzéf/g) J

whare
f
é

p 2 p(nsm) g 20l ’}f]‘ [ % [h+/~c])[:77; [’(% [ +I~¢'])

K, =

Then (136) is replaced

by the following joint dlstribution
of Wgy amd Ay | |




W’W"ZR y)

= )..H-I

-3 (nam

.{mmkaz ]T(“,)) ]—E\Az(%()l)

v""

- | r 2
| ‘ lhm.p ) /l i § L{%. Uzg 5;— f-)'g
' u'u) : L ot 4-2/50.://’ P(- Im-i] +,¢)

“(z“b 25. ) ” (‘C Zuuf *K’Lzuz)?)F}
| | r(zm,z,,,/%) |

/
whers ‘
s 2
CHNTR Y
We now ,,ﬁ,xﬁ%-'ﬁ@ what is within the lavge brackets

 of (1k2) in two steps. First of all we heve

N+ W~ 2 -

 (1a9) S(VBW Vp SEn zﬁz 9(\«(}}_‘) e e U ”]7~ T du

: p .

L p(P Z) u (')‘ +’\1~P)(Pﬁ2.) L::U:; r(,li['h —P)n«l-("‘lfj)
4

T (30pw-1)

(o)
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& leeding to equation (137). Since

? P
2
2 u > u.
- Ly - di2y
V L2 o v = J=
z |4
i 2
u.u_ . § )
- o2 u2j
3=( J=2i /

we must finally integrste ( 0 < U <=2 ./
P 2 0 2
, >y -
—12(323:!“(} +ng( UZ)') v 'L- P . (Zf’. © u 2. 2_("4”\ {))
< )Zf; “u _,-Z;, "2, 3oy U

(1hk)

g “C5ul€ 3 u’ S 4. u g’)z “[ﬂ}gu-‘f-uctzpu?f]ﬂ
. (k2K [;Zw Y g: fZ=4 szg‘iﬂ(iw My Ty ] R I N MY .

2“““2/50(_’#’ )—-'(éffwa*d){ﬁ(éh* 2"*/)

oth:o

oroduct of (143),

The dlstribution of the ) 'e is the

~3(mam) P *'i‘(w, o) P 0 |
T2 T ()

= j2lH

Kz ap 17; (H',)ct)

z




end the integral of (14k). In generel the integratlion is

too complisated to write down in & convenient form. In
B0y mzﬁmwlw caze the integretion eould be carried
through to obtain the desired distribution. The limiting

distribution in this plensr cass h = 2}, 88 wall as
in genersl, has been obteined by Hsu and is stated in

pection X, ¥.




XIL.

In the present paper the m«@mtmz %mw
distribution is derived for tm K’&ﬁk one 8y :s? vank i
waledge of this @:mmﬁmmm is &ggii@é to

the moments of the gm&mmmﬁ vmﬂ%ﬁm@ and zm
of the wmwiﬂm k4 or testing linear hypo ﬁwm& in the
From the non-central wishert émaw |

noa-centrel cases.
Pution the dlatribution of the rooty of aaﬁam detormin-
antal m@@mm ig derived., Likelibood ratio eriteris

8re é@;mm,ﬁ for testing dimensionality of populatlior

#.'s,«-» &

‘mﬁ non- @mmﬁ. Wishart distribution ls @;ﬁm joint |

distribution of the sums of souapes and cross-producis

of devistlons (from the sample mpens } of ohservstions

values of which are not identical from observetlon to

mmwm lon, but the populstion varisnces snd covariances

" aye. The non-central Wishert distributions are glven

explicitly for the caseas of the mesns

-4 Gl



with the same variance-sovari

.- on & plane are derived from |

or on & plane, when considered as points in the space

he distribution ls emsentislly & Wishsrt distribution

multiplied by & Bessel function; in the plemar ¢

the distribution is & Wishsrt distribution mltigﬁmé
by an mmm series of Bessel functions (Theorem 1).
In general the non-central Wishart distribution
oduct of & Wishart 15 ang
roots of e determinental equetion involving
of squares and cross-products and the mwix of popu-
letion meens (Theorem k). The characteristic function of
the distribution is given (Theorem 2). It is shown the
zonvolution of two no n-central Wishert

ance matrices iz & nom~
central Wishart distribution (Theorem 3).
mli&wﬁ *mrﬁ,mm iz defined as ﬂm

The ﬁ&&%ﬁ g

where the mesns of the @mwaﬁmm lie on & ‘iizm or




equation (Theorem 5). In the plansr case the moments
finite series involving the two non~
population ﬁ&ts% pinen

are & trivle L
roote of & certain
ﬁ%ﬂ%imz (7 woves 6). :
ratic eriterion for testing the
.} {Qf a 3@@ @f ,ﬁ‘&'h‘%,v[,;».; s B e
identical, given that the population varies .
soverisnces are the ssme, iz & ratlo of two determin

' One i1z the determinsnt of v&m&&% dlstributed

?m zmﬁl«ﬁi@ £

of mnm@ammmy a}mwmm;m varietes such that the
new olements , have & nen-central %&Wﬁ distribution
when the }

are on & plane i@m 7)
of the criterion whe
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& non-centrel X2 atstribution. |

The likelihood patic eriterion 1s develeoped for
testing on the basls of a set of m semples oach drawn
from & normel miltivariste i .mmﬁim the hypothesls.
thet the mesns of the set of p@gmmtimﬁ in p vaplates

The oriterion iz e power of the ? 3
b ;smﬁ;}m% roots of e

the sempl
and the sums of squares &

of samplée means (Theorem 8).

yolving

and covariances

’ gg,ﬁ@ﬁ& @f deviations
The maxisum likelibood estimstes of the hyper-
on the

population mea .

planes and the mmﬁm& of the
planes are given. The asymptotic &&aﬁri,
oriterion is shown to be the ) 2_g1stribution éwi;mmm'
9). B |

The &ﬁawimtim of the roots involved in the tw%
of ﬁﬁimmmmliw cen be derived in the m&a of the

populetion mesns being

tribution is given explicitly for the linesr case.
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& certain definite integral.
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